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oncentration of Isotopes of Potassium by the Counter- 
current Electromigration Method ' 


A. Keith Brewer,’ Samuel L. Madorsky, John Keenan Taylor, Vernon H. Dibeler, 
Paul Bradt, O. Lee Parham, Roy J. Britten, and J. Gilman Reid, Jr. 


A new electromigration method for the separation of isotopes is described. This method 
is based on the principle of setting up a flow of electrolyte through a packed column in a 
direction countercurrent to the flow of the isotopic ions being separated and at a rate inter- 
mediate between the velocities of these ions. Under these conditions, the faster moving ions 
will make headway against the electrolyte stream, while the slower moving ions will be carried 
back. The separation coefficient «—1in the case, for example, of cations, is given as equal 
to FV.C1n 8/1000 J*t, where F is the Faraday constant, V, is cathode volume in cubic centi- 
meters, C is normality of the electrolyte, S is separation factor, /* is positive ion current, and 
t is time in seconds. Free space and temperature distribution in the packing, balance 
between ion transport and stream counter flow, and other factors which determine column 
efficiency are described. In a series of experiments for the concentration of *K in the cath- 
ode compartment of the eleetromigration cell, the abundance ratio N="K/"K was increased 
from its normal value of 14.2 to a maximum of 24 in about 500 hours of operation and a maxi- 
mum separation coefficient of 0.385 10-3 was obtained. Attempts to concentrate “K in 
the anode compartment resulted in a lowering of the isotope abundance ratio to a minimum 
of 9.1. A study of the distribution of *K in the packing in experiments carried out for the 
concentration of °K in the cathode compartment, showed that the abundance ratio decreases 
rapidly from the cathode to anode direction. A description is given of the mass spectrometer 
used in measuring the abundance ratio *K/*"'K, also, of the automatic control used in regulat- 


ing the counter flow in some of the electromigration cells. 


Discussion of Method for Concentration after collision with a solvent molecule of mass M. 
of Potassium Isotopes Lindemann suggested that the electrolysis should 


By A. Kei be carried out in a medium such as agar-agar to 
y A. Keith Brewer and Samuel L. Madorsky cut down diffusion. Mulliken and Harkins [2], 


8 Beteednction in commenting on Lindemann’s proposal, ex- 
La pressed the opinion that the slight differences in 
The separation of isotopes by ion transport in ionic mobility to be expected would be masked 
‘uhon was first suggested in 1921 by Lindemann by diffusion and convection. 

A mechanism was proposed based on an The first experimental test of the method was 
ninsi¢ difference in the velocities of the isotopic made by Kendall and Crittenden [3] on chlorine 
's. It was postulated that an ion of mass m and lithium isotopes. Later Kendall [4] trans- 
‘ains a fraction m/(M-+-m) of its momentum ported chlorine ions through 100 feet of agar-agar 
3 filled tubes, using the moving bouadary method; 
an atomic-weight determination failed to show any 


ickets indicate the literature references at the end of this 


will be included in volume 6, division ITI, of the Manhattan Project Technical Scrie:, 
with the U.S. Navy Department, 
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Pilley [5], using the same technic, 
failed to detect an isotope shift for chlorine and 
magnesium. A further attempt by the same 
method led Jette [6] to conclude that “any differ- 
ence in the mobilities of isotopic ions is exceedingly 
improbable.” 

A countercurrent reflux mechanism has recently 
been developed at the Bureau [7] which unques- 
tionably establishes a difference in the forward 
transport velocities of isotopic ions of potassium. 
The basic principle of this method rests on an 
imposed flow of electrolyte through a packed 
capillary in the cathode to anode 


isotope shift. 


column or 
direction at a rate just sufficient to reduce the 
net forward transport of K* ions to zero. Under 
these conditions, the faster moving “K* ions will 
make headway against the electrolyte stream, 
whereas the slower moving “K* ions are carried 
back. This results in a concentration of “K 
being built up in the cathode compartment. 

The concentrations that can be built up by this 
method are limited only by the number of theo- 
retical plates that can be realized in the packing. 
The conditions that must be observed in order to 
obtain a short height of theoretical unit are essen- 
tially the same as in any conventional reflux 
column. A mathematical analysis of the mecha- 
nism is presented in RP1766 [10]. 

The experimental setup used in the separation 
of *K and “K is indicated by the following 
elementary arrangement. Consider a tube bent 
upward at the ends and filled with sand in the 
horizontal section. Let one arm serve as the 
cathode compartment and the other as the anode. 
The anode compartment is provided with a spill- 
way to maintain a constant level in the system. 
When the tube is filled with a potassium sulfate 
solution and the current turned on, K* ions move 
toward the cathode and SO’, ions toward the 
anode. Conditions for total reflux are established 
by adding sulfuric acid to the cathode compart- 
ment at such a rate and concentration that the pH 
and concentration of the cathode solution remain 
unchanged. At the time a solution of 
potassium hydroxide is added to the anode com- 
partment at an equivalent rate. The result is a 
flow of electrolyte from the cathode to the anode, 
and from an overflow at a rate just sufficient to 
prevent a net forward transport of K* ions. The 
velocity of the electrolyte stream, in consequence, 
is equal to that of the average K* ion, and the 


same 
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current carried by the K* ions is reduced to 29» 
As *K* has a slightly greater mobility than oK 
it will make headway against the clectpoly, 
stream, whereas *‘K* is washed back. 

As the anode compartment is constantly being 
supplied with KOH, the “K concentration yj 
remain at its normal value. As a result. : 
compartment serves as a constant-supply reseryyjp 

The point balance between ion migration yg) 
stream flow is confined to the unjform porous 
packing separating the cathode and anode cop. 
partments. 


2. Separation Coefficient 


The countercurrent reflux mechanism just oy. 
lined is dependent only on a difference in mobili 
The basis for this differe 
Nevertheless, 
interesting to speculate on the phenomena 
volved, which can give rise to a difference in { 
ward transport. Several possibilities exist. 

The forward motion of an ion in an elect 
field can best be considered as an unidirections 
drift superimposed upon the random motion ( 
to kinetic agitation; the ion receives a forwanigmthe a 


for the isotopic ions. 
in mobility is not pertinent. 


acceleration during the interval between collisions 
The mean time between collisons is given 
l/vem, Where 1 is the mean free path and ry, is 
average thermal velocity. The velocity due to: 
electric field is equal to the force times the t 
between collisions divided by the mass, m, | 
Thus the average forward dri 
velocity is r,—Eel/2mr,. The mobility of | 
Ve E, is then 


v= Eel/(v,m). 


1Or, w 


el el 

2mr,, 2(3mkT)'”’ 

y 3kT/m. Whe 
: L pack 
On the basis of the above analysis, the elect: light 

field can be considered as imposing a drift veloc 

on the velocity of the thermal agitation, which is cent’ 
inversely proportional to the square root of ( diffe 


bu 


Since Vp 


mete 


ion masses, 
A further possible cause for a difference in 


leng 
aad “ee ; ; , liqui 
topic ion mobility is a probable difference in |! A 
hydration of the ions. As “K has been shown 0 }) 
be held more tenaciously in a zeolite structira® o¢ y) 
than is *K [8, 9], a difference in attachmer' 

water molecules is to be expected. 

A difference in forward transport of the isotops 
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iso exist if there is an isotope effect between 
ns and undissociated molecules. The isotope 


hift between carbonate ion and carbon dioxide 
This mechanism, however, may 


ay a 


an example. 
bot apply to potassium salts, which are highly 
ymzed 

The countercurrert ion-transpoit mechanism, 
though having much in common with conven- 
ional reflux columns used in adiabatic distillation, 
< different in that no single-stage or single-plate 
yrocess exists. In consequence, it is impossible 
o define the height elemental theoretical plate for 
he column in an exact sense; for this reason it is 
referable to use the term “height theoretical 
mit” to define the segment length of column re- 
juired to produce a change in concentration, «, 
vhere ¢€ is the separation coefficient, defined as 
he ratio of the mobilities of the two isotopic ions. 
({ssuming eq 1 to be correct, € can be expressed 
according to eq 2 as the inverse ratio of the square 
root of the isotope-ion masses. The hydration 
f K* ions is not known with certainty, but 
K*.7H,O is a reasonable value. The theoretical 
separation coefficient, therefore, has been given 
the arbitrary value of 


.— /"-K7H,0 _ | gpg. 


\ *K.7H,O 
3. The Transport 


The rate of transport of “K* and “K* ions 


across the tube is 


ACK wey -v) (3) 


ACK wey - v)s (4) 


Where A is the free cross-sectional area of the 
packing, C, and (C, are the concentrations on the 
light and heavy ions in moles per cubic centi- 
meter, u, and yw, are the mobilities of the ions in 
volt“', P is the potential 
difference across the packing in volts; / is the 
length of the packing; v is the velocity of the 
liquid in centimeters per second. 


centimeters second™! 


As the velocity of the liquid, v, is adjusted so 
that the net transport of K* iors is zero, the sum 
of the transports of °K and “K are zero, hence 


Cwi4 Chin. 


l x C; T Cy (9) 


Concentration of °K and “'K 


The transports of light and heavy ions obtained 
by substituting eq 5 in eq 3 and 4 are 


Por Mim Ba 


t Ay "C,4+-O» 


The initial change in concentration of the light 
and heavy isotopes at the cathode is given by 


dC, TP dc, AP © oo: — hp 
dt\l dt V2" "C,+-C, 


d 


so that 
C, Ar 


In (6) 


I 
dt'C, “py Mn); 


where V, is the cathode volume, and ¢ is time in 
seconds. 
Equation 6 can be rewritten 


In S v7 (e—1)yt, (7) 


where u is the mobility of the average K ion, « 
is the separation coefficient, and S is the separation 
factor. 

The separation factor, S, is defined as the ratio 
of the concentration of light to heavy isotopes at 
the cathode at time ¢ divided by the normal ratio 


Thus 


at time zero. 


. me’ 
Sin R, €, (8) 
where R=C,/C,, ¢ and a refer to the cathode 
and anode, and n is the number of theoretical 
plates. 

It is often more convenient to calcaluate ¢€ in 
terms of the current rather than the voltage. In 
this case, the molar isotope transport can be 
considered as equal to the gain in concentration 
of the faster isotope in the cathode compartment. 
This can be expressed initially in terms of moles 
*K by the simple equation 


I*t(e—1) V.ClnS (9) 
F 1,000’ wd 


or more exactly by the equation 


R,—R, 


I*tle . LYNN, V.C , 
, 1)(Ro4 


Ik 1,000 (R, } ate 


where J* is the positive ion current in amperes 


before superimposing the counterflow: ¢ is the 
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time in seconds; N,N, are the mole fractions of 
*K and “K, V.is the cathode volume in cubic 
centimeters, C is the normality of the electrolyte, 
and F is the Faraday constant (96,500 coulomb 
mole), R, and R, are N,/N, at times t and 0, re- 
spectively. 

Neither the voltage nor the current equation 
can be considered to hold precisely except at 
initial stages of the experiment as both neglect 
the concentration built up in the packing. Like- 
wise, both equations neglect back diffusion and 
remixing processes, which set in as soon as a con- 
centration gradient is established. Both ex- 
pressions anticipate that the process will continue 
until the gradient reaches the point where the 
forward transport is balanced by back diffusion. 


4. Free Space and Packing Temperature 


The reduction of remixing and back diffusion to 
a point below the forward transport necessitates 
that the ion-electrolyte reflux balance be estab- 
lished in a porous packing capillary, or thin sheet. 
In order to apply eq 7 to a packed column, it is 
necessary to know the free cross-sectional area, A, 
of the packing. In addition, a knowledge of the 
temperature distribution in the packing is required 
in order to evaluate ux. 

(a) Free Space in Packing Materials 

The free space in various packings was measured 
by the displacement of water. 
for several packings are 


The values observed 


f 
Free space 


Material (percent) 


Glass wool 
Glass beads 
Sand 34 to: 


Silicon Carbide 


By comparison, the free space for perfect spheres 
of uniform size is 26 percent for close packing, 
where each bead is in contact with 12 others; and 
48 percent for loose packing, where each sphere is 


in contact with 6 others. The glass beads used 
were No. 28, 48, 70, and 107 mesh. The free 
space was essentially the same for all sizes. 

The electrical free space, which is not the same 
as the volume free space, was measured by com- 
paring the conductivities of packed and unpacked 
columns. KCl, 1:60, was used as the electrolyte. 
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The packings were carefully tamped in a 9, 
U-tube, the electrodes being placed immedigy, 
above the packing surface. Care was takoy ; 
insure that the electrodes were replaced IN exact} 
the same position in experiments 
Measurements were made with 60-¢ a-c curp 
over the range from 0.06 to 0.25 amp. The cv 
ductivity was independent of the current. 1) 
electrical free space obtained for various packing 
was 


successive 


Free space 
(percent 


Material 


Glass beads 
Sand 
Silicon carbide 


These values are appreciably lower than for th 
volume free space as the pores are not straight by 
have a tortuous path that is longer than the paci- 
ing itself. 

(b) Temperature in Packed Tubes 


The temperature in the center of a diaphrag 
packing can be estimated by assuming that th 
heat leaving an element of volume within the tus 
is equal to the heat generated within that elemen' 

The temperature was measured under operating 
conditions by inserting a thermocouple incased 
a thin-walled glass envelope at various point 
within the packing. The diameter of the tub« 
used was 1.4 cm and the wall thickness 0.8 mi 
The solution was 1:60 KCl. The 
operated at the indicated current for 30 minute 
prior to reading the temperature. The tempers 
ture reached its maximum at a point about ‘ 
em from the end of the packing. The maximun 
temperature for various packings immersed in 
25° C water bath is as follows: 


cells wer 


Temperature 
Current 
Silicon 


Gk . 
ilass beads carbide 


amp Cc 
0. 30 46 
. 40 59 
. 50 73 
. 60 86 
. 70 Boiling 


Journal of Research 





deter! 
jsotor 
condt 
SOLO] 
numb 
one © 
gradi 
gradi 
forwa 

Ba 
numl 
by p! 
in th 

Th 
diseu 
A qu 
inR 


whe: 
4.98 
posi 
in 
the 
10ns 
mos 
seri 
port 
200) 
upp 
thes 


con 


ha gla 


mediately 


taken ty 
iD eXactly 
eTiments 
C Curren 
The co, 
nt. Th 
Packing 


n for th 
ight but 
he pa k- 


phrag: 
hat th 
he tuly 
lemen 
erating 
‘ased 

points 
e tubes 
5 mm 
3 wer 
ninutes 
mpera- 
bout : 
ximun 
d in 


Two «izes of glass beads were tested, 60 and 107 
nesh; no appreciable difference was observed ; the 
| and silicon carbide were 100 and 150 mesh, 


5. Factors Determining Column Efficiency 


The efficiency of the separation mechanism is 
determined by the power required to change the 
isotope ratio by one theoretical unit. As the 
conductivity of the column is independent of the 
isotope ratio the problem resolves itself into the 
number of theoretical units that can be realized in 
one centimeter of packing, i. e., the concentration 
gradient. It is that a concentration 
gradient can be built up only to the point where the 
forward transport is balanced by back diffusion. 

Back mixing in a reflux column can enter in a 
number of ways. Some of these can be eliminated 
by proper design of cell, but others are inherent 


obvious 


in the mechanism. 

The factors giving rise to back-mixing will be 
discussed in a qualitative manner in this report. 
A quantitative discussion of the problem is given 
in RP1766 [10]. 

(a) Diffusion 


Back-mixing cannot be reduced below the limit 
set by diffusion in a stagnant liquid. The relation 
between the mobility, u, and diffusion, D, is given 
by kinetic theory to be 


D, (11) 


aT é 
kT 


where « in a normal solution of K,SO, for K* is 
4.98 x 10~* em sec ~! volt ~',e is the charge on the 
positive ion, k is Boltzman’s constant, and D is 
in square centimeters per second. An evaluation of 
the constants gives D=0.026y for singly charged 
ions in a gradient of 1 v/em. As the gradient in 
most of the experiments to be described in this 
series ranged from 5 to 10 v/em, the forward trans- 
port, u, will exceed the back-diffusion coefficient by 
200 to 400. From this it may be inferred that an 
upper limit for n in eq 8 could approach 200 
theoretical units per centimeter, under ideal 
conditions. 


(b) Balance Between Ion Transport and Stream Flow 


Separation, as has been pointed out, is dependent 
on the establishment of an exact balance between 


Concentration of °K and "K 


stream flow and ion transport. For potassium the 
fractional difference in mobility of the two ions, 
as derived from eq 1 is taken to be «—1=0.006. 
The abundance ratio of the isotopes is "K/“K= 
14.20. In consequence, for zero current to be 
carried by the K* ions the stream velocity will be 
very close to the *K mobility. If the stream veloc- 
ity falls below that of “K, then both isotopes will 
be carried into the cathode compartment. The 
tolerances are well defined, a decrease in rate of 
more than 14.2/15.2 of 0.6 percent from balance 
will admit “K to the cathode. An increase in rate 
of 1/15.2 of 0.6 percent will cause “K to be flooded 
out of the cathode compartment. The system will 
operate at moderate efficiency, however, if fluctu- 
ations in the stream flow do not exceed more than 
| percent of the balance velocity. 


(c) Pore Size and Convection 


The pore size is of importance, first, because it 
determines the length of the theoretical unit, and 
because it limits disturbances due to 
The first is discussed in detail in 


second, 
convection. 
RP1766 [10]. 

The effective pore size was determined by meas- 
uring the flow of water through vertical tubes 
packed with glass beads of various mesh sizes. 
The rates were determined over a range of pres- 
sure heads. The corrected results (em/sec) gave 
the empirical relation 

Q, =0.28d*h/ln, (12) 
where (, is the flow in milliliters per second divided 
by the total cross section in square centimeters; 
d is the bead diameter in centimeters, A is the pres- 
sure head in centimeters of water, / is the length of 
packing, 7 is the viscosity in poises. 

As the free space in the beads is 38 percent, the 
average lattice is more cubic than tetrahedral. 
In consequence, the number of beads per square 
centimeter of cross section is close to (l/d)?. This 
is also the number of pores in 1 em? of cross sec- 
tion. The volume rate of flow (ml/sec) through 
the average individual pore is 


Q, =0.28d'h/ln. (12a) 

If the bead packing is replaced by a bundle of 
straight capillary tubes equal in number to the 
number of pores and of the same length and oper- 
ated under the same head, the two structures are 
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hydraulic equivalents when the radius of each 
capillary is such that the flow is the same as the 
average pore. 

The flow (ml/sec) through a capillary tube is 
determined in accordance with Poiseuille’s law 


Q=980rr'tH/Sln. 


On equating the rate of flow it is found that, for 
38 percent voids, 


r=0.165d, 


where r is the equivalent radius of the straight 
capillary. This radius, however, is smaller than 
the mean radius of the pore since the path is 
longer in the packing by a factor of about y2. 
The mean pore radius normal to the tube axis is 
in reality close to 38/29 0.165=0.216d. 

Convection within the packing cannot be eval- 
uated accurately, but can be approximated by 
considering the flow upward through the heated 
and downward through the cooled region to be 
comparable to that through hot and cold capil- 
laries connected to a common reservoir at the top 
and bottom. The velocity flow through an indi- 
vidual capillary is given by Poiseuille’s law to be 
ve = Pr*/8nl, where v, is the average velocity in 
centimeters per second, P is the pressure in dynes 
per square centimeter, r is the radius in centi- 
meters, » is the viscosity in poises, / is the length 
of capillary in centimeters. 

The flow due to convection when the hot and 
cold capillaries are at 50° and 30° C, respectively, 


18 


Diameter 
(mm) 


tr. "(em/sec) 
0. 02 1510-4 
. 04 6.2 10-4 
. O8 2.5X 10-% 


These values show that convection velocities 
are of the same order of magnitude as the ion 
mobility. Remixing due to convection is de- 
pendent on the direction of the convection stream 
with respect to the electrolyte stream. In the 
conventional horizontal tube, where the stream 
flow is in the axial direction, the convection flow 
in the radial direction will not be as disastrous 
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as in vertical tubes, where both conve: tion nj 
ion migration are in the axial direction. 


(d) Nonuniformity of Porosity 


Nonuniformity of porosity and channeling 
the principle sources of poor efficiency in operatioy 
Their effect on the ion-stream balance folloy: 
from the fact that ion velocity is independent o/ 
the pore radius, whereas stream velocity vari 
with the square of the radius. 
an excessively large pore need represent but , 
small fraction of the total cross-sectional ares 
throw the system out of point balance by mop 
than 1 percent. 


In consequence 


(e) Temperature Variation in Viscosity-Conductance ratio 


An exact balance between ion transport an 
stream velocity at all points in the packing can by 
realized only if the effect of temperature on each 
is the same, i. e., the product of specific conduct. 
ance, A, times viscosity, 7, for KCl (1:60) must bk 
constant. The values for several temperature 
are 


0. 03345 
. 05800 
. 0810 


0. 01713 
. 00890 
. 00618 


0. 000574 
. 000522 
. 000500 


» 


A 5-percent difference is observed for a 2 
degree difference in temperature. As the limit: 
of tolerance are the same here as for difference ir 
pore size, the effect of a temperature gradien' 
across the tube on the value of A cannot 
neglected. 


(f) Potential Distribution Across Packing 


Nonuniformity of potential across the packing 
is identical in its effect to nonuniformity in po 
size. Probe measurements made on various ¢ 
designs showed that voltage deviations as large * 
5 percent often existed between the top and botto! 
of horizontal packings. These irregularities ca 


be eliminated by proper design of electrodes anc 


by having the packing set back about the distan 
of one radius from the cathode compartment. 
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6. Cell Design 


It is now possible to specify the prerequisites for 
wcessiul cell operation. Maximum separation 
il] be attained when the electrolyte stream ve- 
ity balanees the average K-ion velocity. To 
pproach this condition the following require- 
nts must be satisfied: (1) The packing must 
be fine, 100 mesh or finer, if a height theoretical 
nit of 0.01 em is to be realized. (2) The porosity 
{the packing must be uniform. As the difference 
mn mobility of *K and “K is estimated at only 0.6 
percent, the ideal limits of variation should be 
ithin this quantity. (3) Temperature distribu- 
ion across the packing should be uniform. 
ariations in excess of a few degrees will seriously 
mpair the efficiency since a temperature gradient 
ot only gives rise to convective disturbances but 
isrupts the balance between ion and stream flow. 
4) The potential distribution across the packing 
nust be uniform to within a fraction of 1 percent. 
On the basis of the above considerations, the 
jighest efficiency should be expected in capillary 


ubes. A sheet capillary between closely spaced 


parallel plates placed horizontally should be as 
fficient, provided the spacing is accurate and the 
potential distribution and temperature uniform. 
‘olumns packed with uniformly grained material 


constructed so that the cooling is primarily at the 
ends should also possess a low value for h. 


Part of the material presented in this report 
has been taken from a report by S. L. Madorsky, 
A. Keith Brewer, and Gregory Breit on file at the 


Bureau. The authors also express their apprecia- 
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Ficure 1. 


Concentration of "K ond ‘“'K 


i22cm 
Pt.gauze anode 


Ottawa sand 
(100 mesh) 


tion for the cooperation of J. W. Westhaver 
throughout the course of this work. Above all, 
the authors express their thanks to Lyman J. 
Briggs for his continued interest and practical 
suggestions, which have been an_ inspiration 
throughout the progress of this research. 


II. Experimental Development of Method 
for Concentration of “°K 


By Samuel L. Madorsky and A. Keith Brewer 
1. Introduction 


The successful operation of an electromigration 
cell depends primarily on (1) suitable cell design 
and packing, (2) suitable electrolyte, and (3) 
proper means for maintaining a balance between 
the ion transport and the electrolyte stream flow. 
Section I develops the general theory of electro- 
migration, and this section describes a series of 
initial experiments designed to study the principal 
conditions for concentration of “K in an electro- 
migration cell. 


2. Cell Design and Construction 


Two of the original designs of the electromigra- 
tion cell are shown in figures 1 and 2. In figure 1 
the packing consisted of well-rounded Ottawa 
sand of about 100 mesh. In order to pack the 
sand properly, the cell was placed in a vertical 
position, the cathode end plugged, and the sand 
introduced through the anode end with frequent 
tapping. In the apparatus shown in figure 2 the 
packing in one experiment consisted of Pyrex 
glass wool, as shown by the shading slanting from 
left to right and, in two other experiments, of 


Air bubbler 




















Anode reservoir 


Electromigration cell packed with 100-mesh Ottawa sand, 








fritted Pyrex glass powder, as shown by the shad- 
ing slanting from right to left. The glass wool was 
Corning standard No. 008 grade having a fiber 
diameter of 0.0002 to 0.0003 inch. It was cut 
into lengths of 1 to 2 cm and rammed into the cell 
through an opening at A, after which the open- 
In preparing the fritted packing 
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ing was sealed. 
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Pyrex $/ass: wool or frit 

















Figure 2.—Electromigration cell packed with Pyrex glass 
wool (shading slanting from left to right) or fritted glass 
(shading slanting from right to left). 


a straight tube was plugged with asbestos at the 
lower end and filled with glass powder 100 to 140 
mesh. The tube was then packed in sand in a 
vertical position, heated in an electric furnace to 
715° C and kept at this temperature for 1 hour. 
The anode and cathode compartments were then 
sealed on to the packed tube. 

The general arrangement of the electromigra- 
tion cells is shown in figure 1. The restituent 
liquids * were added to the electrode compartments 
by means of droppers. These droppers were 
made from thick-walled capillary tubes bent at 
a right angle. The ends were ground flat to 
insure uniformity in the drop size. The drop 
rates were controlled by means of Hoffman screw 
clamps. Methyl red was used as indicator and 
the rates were such that the liquid in the electrode 
compartments changed color between drops. 
The anode was provided with a siphon and over- 
flow cup. The electrodes consisted of platinum 
gauze 2 by 2 em attached to platinum wires 
enclosed in glass tubes. In one experiment, when 
high voltage was used, a 2,000-v motor generator 
was employed. In the other experiments the 
source of current was a 220-v d-c line. The cell 
was kept in a bath to prevent sudden changes of 
temperature. 


* “Restituent liquid” is a liquid that helps to restore the original chemical 
composition of the electrolyte in the cell 
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3. Electrolytes and Restituent Solutions 4 


Potassium sulfate was the electrolytic seg ; a 
all the experiments. The electrode  reactigy The 
involved are 2K*+H,SO,—K,SO,+H, at 4 
cathode, and SO, +2KOH=K,S0,+ 1,04); 
O, at the anode. Thus the anode receives q ox, 
tinuous fresh supply of K*, and the initial py, 
*K/"K is kept constant in the anode compar 
ment. In order to maintain the concentratiy 
of the electrolyte in the cell at its original yaly 
the concentration of the restituent solution The 
KOH and H,SO,, must be adjusted to the tray 
port numbers of the respective cation and aniq 
of the electrolyte. For the sake of simplicity 
is convenient to designate the electrolyte itse/ 
as well as the restituent solutions, on the basis \ 
equivalent ratios solute: Water, rather than 
the basis of normality. In the experimen: 
described in this paper, concentration rati« 
1/2K,.SO,: H,O=1:50 and 1:60 were used. Thy 
transport numbers of K* and 1/280, at te 
above concentrations are about equal, and ty 
H,SO, and KOH solutions were made up each i 
the equivalent ratios 1:25 and 1:30 for the 1:; 
and 1:60 K,SO, experiments, respectively. 

Concentrations, densities, and normalities 
all the solutions employed in this work are give Som 
in table 1. 


-entrat 
eparal 
Rearra 
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where | 
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Solutions employed in the _ electromigratu and K 
experimer ts packin 

— consis 


Tasie 1. 


Ratio . . rat 
. Concen- | Density « Normal opera 
Solute solute tration at 28°C its 


H20 curren 
appro: 
Percent 
1/2K 80, 8. 82 070 
1/2K 80, 7. 46 059 
1/2H,80, 9. 82 063 
1/2H,80, 8. 32 053 
KOH 11.07 102 
KOH 9. 40 O86 
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betwe 


Values for KOH are at 15° C. concel 
: ‘ im this v 
The amount of restituents added, in grams p 


ampere hour (0.0373 equivalent) in the case, |! 
example, of 1:60K,SO, were as follows: 
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ne aes be Al 
KOH 2002 gm with 
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Total__ 21. 994 
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4. Calculation of Separation Coefficient 


The results obtained in the experiments on con- 
entrating “K can be interpreted in terms of the 
eparation coefficient e by using eq 10, section I. 
Rearranging and substituting numerical values, 
10 can be written 


cathode compartment down to the packing where 
it recedes into the horizontal tube, as in the case 
when fritted glass is used. However, where the 
packing extends into the cathode compartment, for 
example, when sand or glass wool is used, the 
cathode volume is the free liquid above the pack- 


al rate ing plus the liquid in the packing directly below 
aus , y ail ») . . . . 

par 0 o2882" of ha 14.20 the cathode cup, as the latter liquid is in thermal 
itratiog It R,+1 exchange with the free liquid due to the heat 
| valylmwhere ¢, is time in hours, and J* is positive current. developed in the packing. Details of cells and 
lutions The cathode volume, V, is the free liquid in the experimental conditions are given in table 2. 
; ral TABLE 2.—Experimental conditions 

aniog om — 
city, if Packing * 

. 1/9 KeS . Bath 
> Itsell Experiment No. a . Current Ratio io” Or —- tempera- 


basi Type and mesh ture 
YASIS of 


han Q cm amp °¢ 
Ottawa sand, 100 ‘ 122 0.5 50 25 to 30 
do 10.3 a 1:60 25 to 30 
i | Pyrex wool 15.5 i : 60 25 to 30 
The Pyrex frit, 100 to 140 12.0 5 760 | bf 4 
do... . 6.0 : "60 y 4 


iments 


at the 
nd the 


* The diameter of the packing was 2.2 cm in all the experiments. 
ach iy 

5. Experiments capillaries having bores 0.75 to 1 mm was operated 
with l-amp current. The result was negative. A 
similar cell was packed with tubes of 2-mm inside 
diameter and 3-mm outside diameter, and the 
bores as well as the spaces between the tubes were 
filled with 60-mesh Ottawa sand. It was operated 
at 0.2 amp, the first day for 12 hours and the 
second day for 14 hours. The isotope ratios were 
14.60 and 14.80, respectively, for the 2 days of 
operation. This experiment points to the necessity 
of having a packing in which the pores are small 
and uniform. 

A cell of the same length and cross section was 
packed loosely with acid-washed asbestos wool 
and operated at 0.4 amp for 12 hours the first 
day and for 14 hours the next day. Analysis 
showed ratios of 14.70 and 14.85, respectively, 
for the two days. 


ie | 
; (a) Preliminary Experiments 
Lies 

» giver Some preliminary experiments were carried out 
withnormal K,SO, as the electrolyte and 2 N H,SO, 
and KOH as therestituents. Inoneexperiment the 
packing was 2.1 ecm in diameter, 27 cm long, and 
consisted of 60-mesh Ottawa sand. The cell was 
operated for 8 hours during the daytime with a 
current of 0.3 amp. At the end of this period, an 
approximately 1 ml sample was drawn from the 
cathode compartment for analysis and the opera- 
tion discontinued overnight. This was repeated 
without renewing the electrolyte for a number of 
days. Analysis showed a value for R varying 
between 14.8 and 15. On continued operation, the 
concentration of *K in the cathode remained at 
this value. This must have been caused by too 
much sampling and too long intervals intervening 
between operating periods, which permitted the 
accumulated “K to diffuse from the cathode 
compartment into the packing. 

A U-shaped tube of the same cross section and 
with the same kind and length of packing, and 7. 
operated under similar conditions as the straight was maintained at 25° to 30°C. 
packed cell for four 8-hour periods, gave similar the operation during the first 
results interrupted every night for periods ranging from 
8 to 12 hours. The rest of the operation was 


(b) Ottawa-Sand-Packed Cells 


Experiments 3 and 7 were carried out in a cell 
shown in figure 1. The packing was 122 cm 
long in experiment 3, and 10.3 em in experiment 
The bath temperature in both experiments 
In experiment 3 


979 


ala 


hours was 


A cell 30 em long packed with parallel lengths of 
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Concentration of *K and “K 





The time counted was that of actual 
Experiment 7 and the experiments 
throughout. 


continuous, 
operation. 
described below continuous 
Small samples for mass spectrometer analysis were 


drawn from the cathode compartments at about 


were 


50-hour intervals. 

In order to check on the constancy of operation 
the cathode samples in experiment 3, before they 
were used for mass spectrometric analysis, they 
were analyzed for K,SO, content. This was done 
by weighing the sample, evaporating it to dryness, 
and weighing the K,SO, residue. The results of 
these analyses are shown in table 3. As seen from 
this table, the K,SO, content in the cathode com- 
partment varied little 295 
operation. 

Anode samples were analyzed similarly for 
K,SO, in both experiments. The analyses, as 
seen from table 4, show little change in concentra- 
tion of the electrolyte. 


during hours of 





TABLE 3. 
Time 


Hours 
o 
59 


102 


244 
205 


TABLE 4. 


Experiment 3 


> om of 
Period of K.80, 
operation . 


Hlours Percent 
0 A aD 
107 a 7Y 


176 & 70 


riment 


a 
rhe 


mass 


Cathode analysis in experiment 3 


K2S8O, 


Percent 
&. 82 
&. 61 
8. 65 
8. 61 
8.33 
&. 83 


Anode analysis 


Experiment 7 


Period of - 3 
SO 
operation K2S0. 
Tlours 
0 
19 
42 
218 


Percen 


Experiment 


spectrometer analyses of cathode 


samples are shown in column 3 of table 5. In 
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column 4, values of the separation 
which is equal to R,/R,, are shown. | 


ctor. 4 
olumn 
shows values of «—1 calculated by means of ; 
equation shown above. 

TABLE 5. 


Concentration of *K and separation coe fic, 


Experi- 
ment 
No. 


Separation 


Ratio 
. factor, S 


Time, 7; PKAIK. Ry 


Hours 
> 


42 
102 
152 
202 
244 
295 
335 

w 
150 
250 
30H) 
30 
4s 


12.5 


31.5 


(c) Glass-Wool-Packed Cell 


Experiment 9 was carried out in a glass-woo- 
packed cell, as illustrated in figure 2. Details 
design and operation are shown in table 2. \ 
analyses were made of K,SO, content in 
cathode or anode liquids during operation. Cat!- 
ode samples were analyzed for “K concentrat 
and the results are shown in table 5. The « 
values are rather low, most likely becaus 
channelling and nonuniformity of porosity in | 
packing. 


(d) Fritted-Glass-Packed Cells 


Originally four cells were started: Two e 
each having a 12-cm-long packing, were operat 
one at 25° C (expt. 11) and the other at 
(expt. 12); two other cells, having packings !2 ' 
long (expt. 10) and 6 cm long (expt. 15) we 
operated at 4° C. The first two cells show 


signs of rapid deterioration of the fritted packi 
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‘athod 
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Figu 
me fo 


thode end soon after the operation was 


t the 
umn Mtarted, and the experiments were discontinued. 
3 of th “he oth 
yre, stood up well, and the operation was con- 
inued fe Details of cells used 
» experiments 10 and 13 are shown in table 2. 


two cells, operated at a lower tempera- 


a number of days. 
C0€ ficis 
Anode samples were checked for K,SO, content, 
nd the results are shown in table 4. These re- 
ts indicate little change in the concentration 

the electrolyte throughout the operation. 
‘athode samples were analyzed for concentration 


il 


°K, and the results are shown in table 5. 
Figure 3 shows abundance ratio plotted against 
me for all five experiments. 
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Change of ratio *Kj"K with lime in five 


ex perime nits. 
(e) Distribution of **K in Packing 


Diffusion of “K from the cathode compartment 
nto the packing and disturbances incidental to 
the operation, such as may be caused by irregular- 
ies 1 the restituents, would tend to 
separation coefficient. Aside from this, 
ie of the cathode volume, V,, cannot be 
a 


metering 
lower thy 


accurately as it is not known how far 


Concertration of *K and “K 


it extends into the packing. In experiment 3, in 
which a very long packing was used, any losses of 
*K concentrate from the cathode volume into the 
packing could be recovered at the end of the 
operation. 

When experiment 3 was discontinued after 335 
hours of operation, 20 ml of liquid was first drawn 
from the cathode compartment, then the liquid 
was allowed to seep into this compartment, and 
successive samples of 25 ml each were drawn. 
The position of each sample in the packing near 
the cathode end before it was drawn is shown in 
figure 4. It should not be assumed that figure 
4 gives a true picture of the distribution of “K 
concentrate in the packing, because of mixing of 
successive samples with some of the liquid left 
in the cathode compartment, as well as in the 
packing from the previous samples. However, it 
shows that the concentrate was mostly confined 
to the cathode end of the packing, and that all 
the “K concentrate was removed with the first 
four samples. 

By adding the samples drawn at the end of the 
operation, as well as the samples drawn during the 
operation, we get a total of all the “K concentrate 
obtained in 335 hours of operation in experiment 
3. Table 6 gives the volume and R, values for 
all samples. All the samples add up to a total 
cathode volume of 96.65 ml of an average R,, 
15.53. On the basis of 0.5-amp, total current, or 
().25-amp, positive current used in this experiment, 


0.0288 > 


0.25 * 335 > 


96.65 X 1.083 > tia 
16.53 Oy ie 


TABLE 6.— Distribution of *K in the packing in experiment 3 


Volume of 
cathode 
sample 


Period of operation 


ml 
0.325 
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Figure 4.— Distribution of ™K concentrate in the packing. 


6. Conclusions 


The data presented show the feasibility of con- 
centrating “K by the electromigration method. 
Packings made of fine sand proved to be superior 
to those made of fritted glass, glass wool, asbestos, 
or glass capillary tubes. Concentration of the 
electrolyte in the electrode compartments remained 
practically constant through the entire operation 
of the cells. Experiment 3, which was carried out 
in a long tube packed with sand, gave the highest 
and longest sustained values of e—1. This is ex- 
plained on the ground that the long packing held 
any losses of “K from the cathode compartment 
caused by irregularities in operation, such as 
those caused by variation in rates of addition of 
restituents, by loosening of the packing or by 
diffusion. The value of «e—1=0.0029, obtained 
by taking into consideration the “K concentrate 
in the packing, at the end of experiment 3, should 
be taken as the best value for the experiments 
described. 


III. Detailed Investigation of Method 


By A. Keith Brewer, Samuel L. Madorsky, John 
Keenan Taylor, and Vernon H. Dibeler 


1. Introduction 


In view of the success attained in concentrating 
*K described in section II, a detailed investigation 
was initiated to test the various contributing 
factors described in section I. The results of 
some 170 experiments run under controlled operat- 
ing conditions are summarized in this section. 


2. Experimental Details 
(a) General Assembly 


A complete layout for a typical experimental 
setup is shown in figure 5. The cell illustrated is 
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Figure 5.—Experimental setup for the concentration o/ 


one using K,SO, as the electrolyte. The cathod 
control is manually operated; the anode contro! js 
the constant pH flushed type. 

A large number of modifications of the basi 
design have been tested. The cells illustrated i: 
figures 5 to 10 are representative of the most com. 
mon designs used. These cells can be classifie 
as follows: 

1. On the basis of type of control—pH (figs 
», 6, 7, 9) and boundary (figs. 8 and 10, B) 

2. On the basis of packing—packed (figs. 5, | 
7, 8, 9, 10, A) and unpacked (figs. 10, B). 

3. On the basis of direction of stream flow 
, 10) and vertical (fig. 9 


horizontal (figs. 5, 6, 7, 8 


(b) Packings 


The packings investigated can be grouped int 
four general types: 


1. Granular: Sand, glass ballotini beads, silico: 

carbide. 
Fibrous: 
cotton, etc. 

3. Rigid: Glass frits, Alundum, ete. 

4. Close clearance: Concentric tubes. 

The dimensions of the packings studied wer 
varied over a wide range. A convenient size | 
cell used in testing the various pertinent variables 
was made with packings 14 mm in diameter 20 
8 cm long. 


Glass wool, asbestos, absorben' 
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Ficure 6.—Cell used in K,SO, experiments. 


A. Anode neutralized with KOH; B, anode neutralized with KOH and flushed with K 380, (1 : 60), 
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Figure 7.—Cell used in KC| experiments. 


A, Single-cup anode flushed with KC] (1:30.72); B, double-cup anode flushed with KC! (1:60) 
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Cell used in boundary experiments with KC! 


Anode is of the double-cup, flushed type 
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Figure 9.—Cell with vertical packing and double-cu p, 





flushed-t / pe anode. 
(c) Packing Supports 


The supports holding the packings in place are 
as critical as the packing materials themselves. 
The problem has been one of finding a thin, 
porous, rigid material to which sufficient pressure 
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Figure 10.—Cells designed to facilitate the 


ange; 3 
of heat. r gen 


1, Cell with small diameter of packing used in boundary experin 
cell with circular capillary space in place of packing 


can be applied to prevent loosening or channel 
of the packing during operation. Another © 
quirement is that it should not distort the potenti 
distribution across the face of the packing or caw 
an uneven electrolyte stream flow through 
packing. Various supporting materials wer 
tested, including sealed-in frits, Alundum plate 
finely perforated Bakelite, and thin frits ma 
from No. 47 ballotini beads; the latter proved 
be the most satisfactory. 

The ballotini frits were cast in graphite mol’ 
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nd heated to a point to insure rigidity without 
npairing the porosity. The best cathode frits 
ere about 2.5 mm thick and were tapered slightly 
t the edge to fit tightly into the cell as shown in 
cure 8. The anode frits were about 5 mm 
ick and were calked at the edges with glass 
read or glass cloth to prevent the fine packing 


rom leaking out. 
(d) The Electrodes 


Platinum-gauze electrodes were used in all the 
xperiments. Care was taken to place the elec- 
rodes in such a position that the potential dis- 
ribution across the packing was uniform at all 


oImnts 


(e) Source of Potential 


The 
attery was kept charged by floating on a d-c 
enerator line, the generator current being slightly 
, excess of that drawn from the battery. 


{ 100-volt storage battery was used. 


3. Electrolytes and Controls 


(a) Electrolytes 


Experiments were carried out with potassium 
hloride and potassium sulfate. The choice of 
lectrolyte was based on the type of control 
iechanism maintain the 
varied 


used to counterflow. 
wide 


ange; a 1:60 ratio was adopted as most convenient 


he concentrations were over a 
ir general use. 

The restituent solutions, i. e., the solutions that 
ere added to the cathode and anode compart- 


ments in order to maintain the original composi- 


ion of the electrolytes, were in the case of 1:60 
SO,, 1:30 H,SO,, and 1:30 KOH for the cathode 
nd anode, respectively. 


alues of the K* 


For KCl, more accurate 
were used in the calculations, 
the cathode restitutent for 1:60 electrolyte 
atio was 1:29.28 HCl. The anode restitutent 
as either 1:30.72 KCl or 1:60 KCI, depending 
n the type of control used, as will be explained 


he concentrations, 
of the 


densities, and nor- 


varioussolutions are shown in 


ntration of “K and “'K 


TABLE 7.—Solutions employed in electromigration 


experiments 


Ratio Concen- | Density * 


Solut . 
_— Solute:H:0) tration | at 25° ¢ 


Normality 


Percent 

14. 20 

11. 87 

6.45 

14.23 

6.47 

7. 46 

1/2K2S0, : &. 32 
KOH : 9. 40 


* Values for KOH are given at 15° C. 


The amounts of restituents added per ampere 
hour when the electrolyte is 1: 60 K,SO, are shown 
in section II, For 1:60 KCl, the amounts of 
restituents added were as follows: 


To cathode To anode 


KOH 
30.72H,O 


HCl . 362 
29.28H;,O 9. 680 


2. 781 
20. 648 


Total 21. 042 Total 23. 429 


(b) Control of Cathode 


The pH and the boundary controls used have 
both 
The automatic-control system is de- 


been devised for manual and automatic 
operation. 
scribed in section VII. 

The pH controlled cells were equipped with 
droppers designed to supply acid to the cathode 
compartment at a constant rate. The droppers 
were attached to constant level spillways and 
were supported near the tips by adjustable screw 
clamps. Methyl orange and methyl red were 
used as the indicators to determine the dropping 
rate. The rate of dropping was adjusted to the 
point where the cathode solution turned from red 
to yellow between drops. 

A boundary between HCl and KCI was also 
used as the index of reflux balance. Ap analysis 
of the boundary mechanism indicates that a stable 
boundary should exist when the concentrations 
C, of the HCI solution and (C, of the KCI solution 
are in the ratio of their cation transport numbers, 


i. e., (' C; Tu: T . 
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In the absence of a counterflow, the passage of 1 
Faraday of current causes the boundary to move 
through a volume V=7\x./C,. To maintain the 
boundary stationary a volume, V, of solution 
must be added to the cathode compartment. 
This volume must contain 1 equivalent of HCl 
to neutralize the electrode reaction. 

The construction of the boundary cells is shown 
in figure 8. The internal cooler is desirable as large 
boundaries are inclined to become diffuse in the 
certer. The height of the column of electrolyte 
controlling reflux rate is adjusted by a screw under 
the spillway. The rate of acid addition is not 
critical in the errangement illustrated, provided 
it is sufficient to maintain a constant pH in the 
acid above the boundary. 


(c) Control of Anode 


Several types of anode cortrols have been tested. 
These are showr in the cells illustrated. In figure 
6A, KOH is added to the anode at the stoichio- 
metric rate. A precise regulation is necessary for 
the dropping rate. Cell 2B is designed to elimi- 
nate the need for drop control by employing a 
flushed-type anode. The electrolyte of the origi- 
nal concentration is added to the anode compart- 
ment-at a rate sufficient to keep the pH at its 
initial value. KOH can be added at the anode 
cup if desired, to lessen the quantity of electrolyte 
required for flushing. This addition of KOH, 
when the electrolyte is KCl, is not necessary as 
chlorine is liberated at the anode. 


4. Correlation of Experimental Data 


The separation efficiency was determined in 
terms of the abundance *K/"K in the 
cathode compartment, as measured by the mass 
spectrometer. The experiments described in this 
report were all conducted under conditions where 
the abundance ratio in the anode compartment 
was maintained at the value for normal potassium, 
i. e., *K/"K= 14.20. 

In order to place individual experiments on a 


ratio 


comparable basis, it is necessary to consider the 
current, the cathode volume, and the concentra- 
tion of the electrolyte. The method chosen was 
to compare the amounts in milliequivalents of the 
light isotope “K transported into the cathode 
per ampere. This value is desig- 
nated by g/i, and is calculated from the expres- 


compartment 


sion 
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. VCAN 
q/i = i ’ 


in which 


q=milliequivalents of “K_ transport jy; 
the cathode compartment 
i=current in amperes 
V.=volume of cathode liquid in millility 
(’=normality 


AN is obtained from the abundance ratio « 
follows: 


Bg, 2D, 
R.+17 R,+1 


R, 14.2 


4N= R,+1 15.2 


a 0.934 
R41 0°" 


Here R,=*K/"K in the cathode compartment , 
time, t, and Ry=normal ratio 14.20. 

The initial slope, g/it,, obtained by plotting 
against the time of sampling is related to | 
separation coefficient « by the equation 


e—1=0.876 Xq/it, 


where ¢, is time in hours. 
5. Results 


(a) General Operation 


The *K/"K ratio in the cathode compartment 
as a function of time of operation for six separa! 
experiments is given in figures 11 and 13. Thes 
experiments were chosen from the types most rz: 
ularly used in this research in order to illustra 
normal cell operation as well as the effect of vanow 
disturbing factors. The separation efficiency 
vs t,) for these same experiments is given in figure 
12 and 14. 

The pertinent data for the above experimen! 
are given in table 8. The data for two bounds 
controlled experiments, 134 and 157, are inclu 
in table 8 and figures 13 and 14 for comparison 

Experiment 170 was run in a cell of the typ 
illustrated in figure 7, using flushed anode 35 
The cathode was controlled by manual regulati 
of the drop rate; the indicator was methyl ! 
This type of cell was the easiest to keep regulat 
and, in general, represents the most satisfacte 
arrangement studied. It will be noted that | 
concentration of “K in the cathode compart 
increases nearly linearly with time. The sma 
deviation observed at the 113 hour is due to 
cell becoming out of balance for a short period 
time. The slight tapering off in rate ts to! 
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Figure 13.—Ratio of *K/"K in the cathode compartment, 


plotted against time, for five represertative experiments. 
157 boundary; 158 indicator; @ 182 indicator; @ 154 
automatic. 
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134 boundary; 


Experiment 186 was run under complete auto- 
The anode was the flushed type 
The cathode was provided 


matic control. 
shown in figure 6, B. 
with an automatic acid injector controlled by H, 
versus PbSO, electrodes in the electrolyte. The 
automatic arrangement is described in section 
VIL. 
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Figure 14.— Milliequivalents of 


cathode compartment per ampere, 


*K transported into the 
plotted against time, for 

five representative experiments. 
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TABLE 8. 


{H, horizontal. V, vertical. B, boundary 


Packing 


Experiment No 


Mesh Length 


150 
5 100 
OB 100 
GB 100 
GB 100 | 
Ss @ 
8 100 
GB 60 


sic 


Experiment 149 was run in a vertical cell of the 
type illustrated in figure 9. The cell was packed 
with sand held in place by gravity. The barrel 
of the tube was made from an extra-thin-walled 
Pyrex tube. The results indicate a rapid con- 
centration at first, disturbed later by an accumu- 
lation of gas in the packing. Sometime after 200 
hours a bubble of gas formed in the sand and slowly 
worked its way up and out during the next 100 
hours; after this, the sand settled back in place, 
and the cell resumed its initial rate of operation. 
This particular cell was equipped with a degassing 
heater in the cathode compartment, and the gas 
accumulated after the heater burned out. Replac- 
ing the heater, however, did not restore the cell to 
normal operation until all the gas was expelled 
from the sand. 

Experiment 158 was run in a cell of the type 
shown in figure 7, the general arrangement being 
the same as in experiment 170. The packing in 
158 had 2.5 times the cross-sectional area and 
five-sevenths the length of that in 170. It 
interesting to note that while the rate in 158 for 
the first 150 hours, was 75 percent of that in 170, 
the power input was only 41 percent. 

Experiment 184 illustrates the necessity for a 
precise control of the required rate of addition of 
the restituent solutions. In this instance the HCl 
dropper was stopped up for about | hour at the 
end of 260 hours. This resulted in a break in the 
rate curve between the 250- and 320-hour period. 
The cell resumed the normal rate when the dropper 


Is 


was repaired. 

Experiment 182 shows the results of loosening 
of the beads near the cathode. The effect began 
at about the hundredth hour; at the end of 300 
hours the channel was of such a size that the entire 
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Experimental conditions and separation coefficient 


I, indicator 


Diam- 


eter 





GB, glass tx thi ene 


A, automatic. SiC, silicon carbide. 8, sand. 


Electrolyte 


Cathode 


Current 
volume warren 


Ratio salt 
water 


amp 
0. 06 
5 


long th 
in the cathode compartment mIxINg 
washed out. The development of channels in th 
packing represents the most common cause of c¢ 
failure. The slightest loosening of the beak 
results in a channel of sufficient size to prevent « 
efficient operation of the cell. 

The general conclusion to be drawn from ¢! 
above experiments is that the change in isotop 
concentration in the cathode compartment 
very nearly linear with time over a wide rang 
The rate is sensitive to any factor that mig! 
disturb the precise point balance between th 
ion mobility and the countercurrent stream floy 
Incorrect rate of addition of the restituent » 
tions and the accumulation of gas in the packing 
give to effects from which the cells 
recover when the disturbance is corrected. Cha 
neling in the packing results in permanent o 
failure. 


concentrate Wis 


yency € 
A nu 

inder s! 

n the 


rise pach bes 


(b) Type of Cell 

A large variety of both vertical and horizon 
cells were tested for different packings under var- 
ous operating conditions. Experiments 149 « 
170, shown in figures 11 and 12, are representat 
of each type of cell when operating under reaso- 
ably favorable conditions. A comparison of : 
the data, however, showed some difference in t! 
efficiency for the two types as a function of |! 
packing size. For 100-mesh and 
packings the rates of separation were essential) 


107-mes 
Line 2 
mesh s 


- screen 
si 


beads 
mesh | 


Line 4 | 
tween 4 
The | 


sented 


identical; a large number of experiments of ea 
type gave maximum g/i values between 0.35 
0.40 for 200 hours of operation. In the case 

40- to 80-mesh in contrast, the 
cells showed very small separation, whereas 

q/i value for the horizontal cells was about o! 
half that for 100-mesh beads. 


vert 
+} aravion 


beads, 


the ra 


that fe 


Conce: 
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The g-neral conclusion to be drawn is that the 


ficiency of the two types of cells is essentially 


St under conditions where convection has 
he am 


wed toa minimum. The effect of con- 
however, is entirely different. In the 

ntal cells the convection flow is at right 
ngles to the stream flow. In addition, it is small 
+ the ends of the packing where the surface is 
niformly cooled by the cathode and anode solu 
ions. In the vertical cells the convective flow is 
n the opposite direction to the stream flow, being 
» the anode to cathode direction through the 
enter of the tube and in the opposite direction 
long the cooled walls. This necessarily results in 
mixing of the solution in the two electrode com- 
rtments. In consequence, for successful opera- 
ion it is essential to use either packings of such 
ineness that convection becomes negligible, or to 
djust conditions so that convection will just 
rounterbalance the excess electrolyte flow in the 
r of the packing, where the viscosity is 


ower because of the higher temperature. 
(c) Grain Size 


The effect of grain size on the separation effi- 
iency of horizontal cells is shown in figure 11. 
A number of comparison experiments were run 
inder similar conditions except for the grain size 
Five duplicates were run for 
The type of cell used is illustrated 
The packings were 5 to 10 cm long 


1 the packings. 
ach bead size. 
n figure 6, B. 
and 1.4 to 2.4 cm in diameter. 

Lines 1, 2, 3, and 4 represent the maximum 
lope for each set of duplicate runs. In each case 
» majority of the cells gave values at or near the 
dine as drawn; deviations from the line were due 
ither to imperfect packing or to faulty operation. 

lt was not found possible to sift beads to exact 
Line 1 was taken with commercial 
l07-mesh beads sifted through a 140-mesh screen. 


mesh sizes. 


Line 2 was taken with beads that passed a 100- 
mesh sereen but were rejected by a 120-mesh 
screen. Line 3 was taken with commercial 70- 
mesh beads sieved between 80 and 100 mesh. 
Line 4 is for commercial 47-mesh beads sieved be- 
tween 40 and 80 mesh. 

The conslusion to be drawn from the data pre- 
sented in lines 1, 2, 3, and 4 is that the rate of sep- 
aration inereases with the fineness of the beads, 
the rate for 140-mesh beads being about twice 


that for 60-mesh beads. Although the data are 


Concentration of "K and "K 


inconclusive, these results, combined with those 
obtained with fine fiber packings, indicate that the 
final separation to be obtained for various pack- 
ings increases with the fineness of the pores. 


(d) Packing Materials 


The various types of packing materials were 
tested under similar conditions. The results how- 
ever, are incomplete and to that extent are in- 
conclusive. 

Granular packings, in general, were the most 
satisfactory. Batlotini glass beads were the easiest 
to pack and were not affected by the electrolyte. 
Their poor thermal conductivity, however, re- 
sulted in a tendency for the cells to boil during 
operation; this necessitated the use of relatively 
The free space and heating 
Sand 
packed almost as well as glass beads; it was 
superior in that the cells ran slightly cooler. 
Silicon carbide of the type used in glass grinding 
did not pack well under pressure. In spite of the 
fact that 
beads, it was more inclined to fill up with gas. In 
general, spheres are more satisfactory than sharp- 


low current densities. 
effects have been described in section I. 


it ran appreciably cooler than glass 


edged particles. 

Rigid packings were only moderately successful. 
Glass frits, on the whole, gave high initial rates, 
but they developed pores or cracks. Alundum 
plates behaved the same as glass frits, but they 
were more inclined to plug up with indicator or 
Rubber 
battery separators failed to show sufficient uni- 
formity in porosity for satisfactory use. Filter 
paper cut in strips and pressed in packs gave rates 
As these 


any suspended material in the acid. 


comparable to the best bead packings. 
packings were difficult to support, their possibili- 
thoroughly Fiber 
packings gave high initial values but, in general, 


ties were not investigated. 


deterioration was rather rapid. The values for 
absorbent cotton shown in line 6 of figure 15 have 
a comparatively high rate. The length of packing 
was only | cm compared to 8 cm for the beads. 
The cotton was cut in disks and packed wet, care 
being taken to keep all the fibers lying in a radial 
direction. Unfortunately, fully half the tubes so 
packed proved defective because intimate contact 
between the cotton and the glass walls could not 
Line 7 is a typical run 
A number of 


be obtained at all points. 
obtained with glass-wool packings. 
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glass fibers tested gave about the same results; 
these included very fine “A fibers” of alkali resist- 
ant glass, battery-separator fibers, and ordinary 
glass wool. In each case the fiber packings 
started off with a high separation rate, only to 
develop pores at the end of a few hundred hours. 
Apparently the systems became alkaline for suf- 
ficient time throughout the operation to cause the 
fibers to disintegrate. It is possible that glass 
fibers can be made to operate on the automatically 
controlled experiments, in which the pH variation 
can be reduced to a minimum. 
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Figure 15. 
used in the electromigration experiments. 


‘Comparison between various types of packings 


1, Glass beads, 140 mesh; 2, glass beads, 100 to 120 mesh; 3, glass beads, 80 to 
100 mesh; 4, glass beads, 40 to 80 mesh; 5, silicon carbide; 6, absorbent cot- 
ton; 7, glass wool 


From a consideration of all the packing ma- 
terials studied it must be concluded that the 
material itself plays no direct part in the separa- 
tion The choice of packing resolves 
itself into obtaining uniform porosity combined 
with mechanical and chemical stability. 


process. 


(e) Length of Packing 
Packing lengths from a few millimeters to 10 
cm were investigated. In general, the longer 
packings gave the higher yields before breaking 
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down. A_ study of the isotope  disiribytiy 
throughout the packing, however, revealed thy 
high concentrations should be obtainable in yor 
fine packings of 1 cm in length. The use of sho» 
packings necessitates a precise contro! at , 
times to prevent washing out of the materi 
concentrated in the packing. 


(f) Diameter of Packing 


The diameter of the packings in horizontal col 
was varied from 0.4 to 3.75 em. The resy)y 
showed the rate of concentration of “K to pass 
through a broad maximum between 1.2 and 2; 
em. Results of this type are to be expect; 
For the small-diameter cells the contact betwe 
the glass walls and the beads constitutes an appr. 
ciable fraction of the free space. As this conta 
is not as intimate as between the beads then. 
selves, a nonuniformity of porosity results. Ty 
loss of efficiency in large cells is doubtless due 
the greater opportunity afforded for convect 
disturbances. 

The packing in vertical tubes was investiga\; 
from 1 to 7 cm in diameter. The difficulti« 
involved were confined largely to obtaining su. 
cient uniformity of porosity across the packing 
and also in arranging the electrodes to provic 
uniform potential distribution while at the sa 
time preventing the accumulation of gas on |! 
under surface. When adequate precautions wer 
taken, the large-diameter cells operated at 
efficiency comparable with the horizontal tube 


(g) The Anion 


The effect of the chemical nature of the ani 
(Cl- or SO-> on separation efficiency is show 
in tables 7 and 8 and in figures 11, 13, and 
These data were taken under similar condition 
Corresponding data have also been taken 
other types of cells. Apparently no detecta! 
difference in the efficiency of separation can 
attributed to the chemical nature of the anion 


(h) pH of Anode Compartment 


Experiments were run in which the pH of tr 
anode was maintained as nearly as possible 
1.5, No difference in the efficie! 
was detected. In practice, it was found m 
convenient to use the flushed type of contro! 
which the anode compartment remained at 
pH of the original solution. 


3.5, and 6. 
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(i) Reflux Rate 


The effect of the concentration of the HCl 
dded to the cathode compartment was checked 
vith KCl as the electrolyte, two experiments 
vere run in Which the restituent solutions were 
98.28 and 1:31.72, respectively. The resultant 
ates indistinguishable. This is to be 
xpected as the cells will automatically adjust 
hemselves to small differences in concentration. 


were 


(j) Concentration of Electrolyte 


Experiments performed in which the 
KCLH,.O ratios were 1:25, 1:60, and 1:120. The 


differences in rate were no greater than usually 


were 


observed between experiments run at the same 
voneentration. For cells with equal cathode vol- 
umes, the rate of increase of the abundance ratio, 


for a given current, was greatest when the elec- 


trolyte was the most dilute. 
(k) Type of Control 


The results signify the necessity for the correct 
rate of addition of the restituent solutions at all 
times. Any system of control that permits a 
wide swing from low to high pH during the con- 
trol eycle is objectionable. The pH swing is in 
reneral lower in the boundary and in the auto- 


matic-control experiments than is possible to 
obtain by manually regulated droppers. For this 
reason the g/i values for the latter are low on the 
This made with 


some reservations, however, because the cathode 


average. statement must be 
volume was kept small in most of the manually 
operated experiments, hence the pH swing is com- 
paratively large. The results as a whole indicate 
a higher g/i value for the larger cathode volumes, 
although the rate of change in abundance ratio is 


in the reverse order. 
(1) Potential Gradient 


The potential gradient differed by a factor of 
about five for the various packings, being lowest 
n fiber packings, i. e., cotton, asbestos, and glass 
wool, and highest in the silicon-carbide and close- 
The fact 


for cotton was as large as for silicon car- 


clearance cells shown in figure 10, B. 
that q 
bide does not indicate the absence of a potential 
gradient effect, because convection should also be 


| The only conclusion to be 


less the cotton. 


drawn from the limited data available is that if a 


Concentration of "K and "K 


gradient effect exists it does not make more than 
a first-power contribution. 


(m) Current Density 


The current density has been varied over a wide 
range without observing marked differences in the 
value of g/t. The interdependence of such factors 
as current, temperature, convection, and the like, 
prevent the drawing of any definite conclusions. 


(n) Temperature 


The cooling baths were operated at 15°, 25°, and 
59°C. The temperature within the packings was 
measured in representative experiments by means 
of thermocouples incased in thin glass tubes in- 
serted at various positions in the packing. The 
bath temperature had little or no influence upon 
the efficiencies observed. The temperature within 
the packing was just under the boiling point in 
experiment 149 and in the neighborhood of 50° C 
in experiment 186. Figure 12 shows no appreci- 
able difference in rate. 


6. Summary 


The method of balanced electromigration has 
been shown to be very efficient for the concentra- 
tion of the “K isotope. Its successful utilization 
rests upon the establishment of a local as well as 
an over-all balance between the electrolyte stream 
flow in one direction and the ion transport in the 
opposite direction, as a result of which the net 
transport of K* ions at all points is reduced to zero. 
When this has been realized, “K* ions will make 
headway toward the compartment, 
whereas the “K* ions are washed back. To attain 
such a balance it is the 
electrolysis through a packing of uniform porosity 
or through a capillary tube to reduce mixing to a 


cathode 


necessary to conduct 


minimum. 

The separation efficiency has been found to be 
affected very little if any by the size and shape of 
the electrolytic cell, the composition of the packing 
material, the chemical nature of the anion, the 
electrolysis current, or the temperature of the 
cooling bath. 

The 
channeling and nonuniformity of porosity in the 
Other common causes of faulty opera- 


most common causes of cell failure are 


packing. 
tion are improper rates for the addition of the 
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sstitusat solutions and gas-bubble formation 
in the packing. 

The mechanism described in this paper should 
prove an effective means for the continuous separa- 
tion of isotopes of most of the elements or of any 
two substances (i. e., Ra and Ba), whose ions have 


different transport velocities. 


The authors express their indebtedness to 
Marvin Schwartz, Murray Nash, Thaddeus Sterl- 
ing, Albert Lewis, and Ellen Dawson for their 
efforts in keeping the experiments under control; 
to H. W. Bond, Edward C. Wise, Dorothy Thomp- 
son, and R. J. Prosen, who prepared most of the 
solutions used in this research. 


IV. Concentration of *'K 
By John Keenan Taylor and Vernon H. Dibeler 
1. Method and Apparatus 


A slight Modification of the apparatus and 
method used in the separation of “K can _ be 
utilized for the concentration of “K. In this case 
a stationary boundary is set up at the anode side 
of the packing. In an arrangement of this type 
the more mobile “K ions migrate toward the 
cathode, whereas the “K ions accumulate in the 


anode compartment between the packing and the 


boundary. 


Ficure 16. 
i, anode overflow; B, anode compartment; C, boundary; D, bound 
wy temperature regulator; £, cathode compartment; F, reflux 
G, H, K, packing supports; J, packing; M, screw device 


Cell for the concentration of *'K. 


vuijuster 


to apply pressure to packing; W’, glass-wool plugs 


The cell is shown in figure 16. It is similar to 
that used in the concentration of “K, except that 
the cathode and anode are interchanged. The 
lithium chloride above the 


elect rolytes were 
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boundary and potassium chloride in the 
cell. 

The cell was filled in the following manne. 
Potassium chloride solution that had bec boi), 
to free it of gas was introduced while stil] wap 
until it stood at level C in both ends of the ». 
Suitable rubber stoppers were placed in {| 
openings, and the cell was evacuated with a way, 
pump until no more bubbles of gas were evyoly, 
The last traces of air were removed from 4) 
packing by pouring hot water over the cell. Ty 
vigorous boiling that took place at the reduc 
pressure effectively swept out remaining traces 


st of t| 


trapped gas. The cell was then placed iy , 
thermostated water bath, and lithium chlori 
and potassium chloride were introduced dropwis 
into their respective funnels. The former wa 
made to seep through the glass-wool plug so the: 
a fairly sharp density boundary resulted. Thi 
boundary became exceedingly sharp when {| 
current was turned on, 

A number of experiments were carried out wil 
a 2.08 N potassium chloride solution containiy 
1 equivalent of salt to 25 moles of water (14.19! 
KCl). The lithium chloride solution used wit) 
the above solution 1.22 N (5.03% Li 
In later experiments a solution containing 


was 


equivalent of the potassium salt to 60 moles 
water was used (0.90 N) with a lithium chlor 
solution of 0.55 N (2.31% LiCl). 

Sodium chloride was tried in place of lithiw 
chloride, but the boundary was difficult to obser 
because the refractive indices of the two solutiov 
were so nearly identical. 

The anode and the cathode compartments w: 
continuously flushed with lithium chloride a 
potassium chloride solutions, respectively, of t! 
above-mentioned concentrations to remove |! 
products of electrolysis and maintain a consta 
composition of the solutions on both sides of t! 
boundary. For a current of 0.5 amp, an additw 
rate of 100 g/hr was found to be adequate. It we 
also found advisable to add hydrochloric acid | 
the cathode at a rate sufficient to keep the ele 
trode compartment neutral or slightly acid 


2. Results 
(a) Single-Boundary Experiments 


t} 


Four 


concentration of 
table 9. 


were 
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trolyte 
(equiva- 


Mini- 

Length of mum 
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R/O K 


Cathode 


Cc » 
volume urrent 


amp 
0.50 
ft) 
25 


.40 


Samples for mass spectrometric analysis were 


aken at approximately 50-hour intervals in the 


jlowing manner. A thin-walled capillary tube 
as carefully inserted below the boundary, and 
required amount of solution (about 0.2 ml) 
as withdrawn. The mass spectromatic technic 
nd apparatus are described in section VI. 

The treatment of the experimental data is simi- 
to that used in section III. From the observed 
alues of the abundance ratio “K/"K and the 
onstants of the cells, values of q/i were calculated 
il are plotted in figure 17. The irregularities 
f the curves are mainly due to mechanical diffi- 
ulties, such as power failures, clogging of glass- 


ool plugs, loosening of the packing, etc. These 
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Performance of celle used to concentrate “K. 


oncentration of *“K and “'K 


produce disturbances that may result in the re- 
mixing of the isotopes. The maximum value for 
the slope is the one to be used in the calculation of 
e for the separation process. The initial slope in 
experiment 183 gives, for the ratio of the mobili- 
ties, «= 1.0039, a value in substantial agreement 
with that found previously for “K (sections II and 


III). 
(b) Double-Boundary Experiment 
It is possible to construct a cell with both an 


anode and cathode boundary so that the simul- 
is accom- 


taneous concentration of “K and “K 
plished. Such a cell was set up, in which the anode 
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Fraure 18. 


boundary consisted of lithium chloride above 
potassium chloride, whereas the cathode boundary 
was composed of hydrochloric acid above potas- 
The potassium chloride was thus 


It is evident 


sium chloride. 
confined in the middle of the cell. 
that the concentrations of the solutions must be 
accurately adjusted to the theoretical values if 
both boundaries are to remain stationary. This 
was not attained, and the experiment had to be 
discontinued after 160 hours as the cathode bound- 
ary rose slowly while the anode boundary was 
held in a fixed position. Nevertheless, mass spec- 
trometric analysis of the samples taken during 
the life of the experiment showed that the pre- 
dicted isotope concentration changes took place. 
These values are plotted in figure 18. The 
method is thus practical and should prove useful 
for further isotopic concentration of small amounts 
of enriched potassium salts. 








V. Distribution of *K in Packing 
By John Keenan Taylor and A. Keith Brewer 
1. Method 


In section | it is pointed out that an ideal 
column packed with 100-mesh granuals could be 
expected to give up to 200 theoretical units per 
centimeter when operating at equilibrium under 
total reflux, and the various factors which affect 
the height of theoretical unit are discussed. A 
mathematical analysis of the problem is presented 
in RP1766 [10}. 

In practice, it is possible to determine the 
height of theoretical units of a reflux column from 
a knowledge of the distribution of the enriched 
material in the packing. A method for measuring 
this distribution is described in section II. A 
more precise sampling technic, however, had to 
be worked out for the short packing experiments 
reported in section III. Two sampling procedures 
were developed. The first involved the rapid 
freezing of the electrolyte in the packing with as 
little disturbance as possible. The material in 
various portions of the packing was then removed 
The second, devised by R. G. 
Yale University, 


and analysed. 


VanName, of 


consisted in 


placing rubber tips at various positions along the 
barrel of the tube, which could be punctured by 


a hypodermic needle. 
In the first method the electrolyte of the cell 
was frozen by placing the vessel in a bath of dry 


TABLE 10. 


Packing 
Experiment No Current 


Length 


Mesh Digm- 


Material ett 

amp 
Giass beads 100 to 140 25 5 0 
100 to 140 5 5 1 
100 to 140 


121 
14 do 
170 do 
® to 100 
100 to 140 
a0 to 100 
100 to 140 


Is] Sand 

is do 
I (Van Name do 
It (Van Name do 


The results obtained are summarized in table 11. 
The first column gives the distance, d, from the 
center of the packing slice to the cathode end of 
the packing; the second column gives the isotope 
abundance ratio, and the third column gives the 
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ice and acetone. After the electrolyte | 
solidified, the glass envelop surrounding 
ing was broken away to expose the pa 
solid plug. This plug was then sawed 
disks with a clean hacksaw blade. The thickyp 
of each disk, as well as the distance from 
center to the cathode end of the packing, y 
measured as accurately as possible. 

It is necessary to minimize flow of electrolyy 
from the cathode to the anode compartmey 
during the freezing procedure. The meth 
adopted was as follows: All clamps holding ; 
apparatus in the bath were loosened while ; 
electrolysis was still in progress. At the mon 
the current was shut off, a pipette was insert 
in the cathode compartment, and the liquid lew 
was adjusted as closely as possible to that in }| 
anode compartment. The cell was immediate) 
removed from the bath and placed in the freezi 
mixture. Some disturbance of the electro) 
in the packing undoubtedly took place dw 


hag 
he pack 
Ing as 


nto thy 


this process. 


2. Results 


Distribution studies were made on a number 
the experiments described in section III. 1 
pertinent data for the various cells are give 
table 10. The free space for the packing mat: 
was computed by using 38 percent voids for 
glass beads and 34 percent for the sand. Dux 
for two cells designed by R. G. VanName, 
operated under his direction at the Bureau 
also included in table 10. 


Characteristics of the electrolysis cells 


Cath- Free 
rime ode | Volume 
volume |! pack- 

ing 


Remarks 


hr 
132) 
748 5 9.9 200 hours past equilibrium value 
713 ; 400 hours past equilibrium value 
332 5 100 hours past equilibrium value 


800 hours past equilibrium value 


a74 1%) hours past equilibrium value 
101 5 7.7 VanName equilibrium value not 
100. 5 i Do 


number, n, of theoretical units per centime! 
This number was computed by plotting th 
richment against distance from the cathod 
of the packing. A smooth curve was then dr 
through the points, and the slope of the curs 
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srious points was measured by graphically drawn 
From these slopes the equivalent en- 


The 


yngents 
chment per centimeter, S, was estimated. 


mber of theoretical plates per centimeter was 
mputed by the equation R,/R,=S=e" 


(eq 8, 
using e=1.006 for the separation co- 
ficient. The values given in column four are 

reciprocal of those in column three and 
present values for the height of a theoretical 
nit for the various experiments. 


“tion | 


laspLte 11.— Efficiency of electrolysis cells 


n Height of 
unit cells/ | theoretical 
c™ unit 


Kt K 
EXPERIMENT 121 


m 
0.016 
O50 
Ov! 
125 
167 


333 


EXPERIMENT 14 


EXPERIMENT 


EXPERIMENT ISI 


EXPERIMENT | 


Concentration of *K and “'K 


TABLE 11.—Efficiency of electrolysis cells— Continued 


n Height of 
unit cells/ theoretical 
cm unit 


K/* K 


EXPERIMENT I (VANNAME 


EXPERIMENT II (VANNAME 


3. Discussion of Results 


The data presented in table 11 show that the 
abundance ratio drops very rapidly with distance 
from the cathode end of the packing. In contrast, 
the gradient is small through the midportion of 
the packing and is negligible at the anode end. 
The height of theoretical unit computed from the 
abundance gradient increases rapidly from the 
cathode end of the packing. It is interesting to 
note that this is very low near the cathode, show- 
ing that a high value of n can be realized, as is 
pointed out in section I. 

An exact interpretation of the data presented in 
table 11 should not be made at this time as it is 
probable that all the packings tested loosened 
slightly during operation. The steep gradient 
at the cathode end of the packing, and the negli- 
gible gradient at the anode reservoir end, are to be 
expected in a reflux column in initial stages of 
operation. If this were the case, the gradient 
adjacent to the cathode would be indicative of the 
equilibrium gradient to be expected across the 
entire packing. Thus experiment 184, for instance, 
would reach equilibrium when the abundance 
ratio in the cathode compartment was “K/"K 
112. In reality, the cell failed to concentrate after 
reaching an abundance ratio of 21. 
that either the height of theoretical unit was not 
uniform through the packing or that the packing 


Tl i pL 
secCves 
us sug ests 


developed a defect when this ratio was reached. 
Without doubt, both 
the midportion of the packing has been shown to be 


conditions occurred. As 


materially hotter than the ends, the various con- 
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trolling factors described in section I will tend to 
increase the height of theoretical unit in this 
region. This will account in part for the observed 
decrease in the number of theoretical plates per 
centimeter in the center of the packing, but it 
does not account for the absence of a gradient at 
the anode. The absence of an anode gradient, 
combined with the fact that the concentration in 
the cathode compartment increased linearly with 
time until a ratio of 21 was attained, when it 
suddenly ceased to increase, indicates that a 
packing defect developed at this stage in the 
operation. 

In view of what has just been said, the results 
presented in tables 10 and 11 cannot be considered 
as defining the operation of an ideal packing. 
These data are important, however, in that they 
show conclusively that very small values for the 
height of theoretical unit are possible, and that 
the abundance concentration in the packing is in 
general analogous to that found in conventional 
reflux columns operating under total reflux. 


The writers are particularly indebted to R. G. 
VanName for his interest in and contributions to 
this investigation, and to V. H. Dibler for con- 


structing many of the cells used. 


VI. Mass Spectrometric Analysis of Isotope 
Abundance Ratios 
By Paul Bradt, O. Lee Parham, and A. Keith 


Brewer 
1. Mass Spectrometer 


The mass spectrometer used in measuring the 
isotope abundance ratios has been described pre- 
viously [12]. A number of minor changes were 
made for the present work, the most conspicuous 
being the substitution of power packs for B bat- 
teries as a source of high potential. This, however, 
resulted in no improvement in the operation of the 
instrument. 

The instrument, as modified, was of the 180- 
degrees type with a focusing radius of 3.6 em. 
The side walls of the analyzing chamber were 
made of Swedish iron to serve as pole pieces. 
These were soldered into a brass block, as illus- 
trated in figure 19. 

The free space between the pole pieces was * in. 
This space opened on three sides into a %-in. 
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channel drilled in the brass block. The chany 
not only served as a well to prevent the reflec 
of ions, but facilitated evacuation. The face 
the pole pieces were chromium plated and hyp 
ished to minimize the formation of insulgti 
deposits that might become charged and disty, 
the resolved ion beams. The analyzing cham) 
was mounted between the pole pieces of a Jay 
electromagnet. 
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Figure 19.—General outlay of the mass spectromet 

The resolved ion currents were measured wit 
an FP54 Pliotron, using a balanced circuit hoot 
up with a 410" ohm grid shunt. Ion mass 
could be brought in by varying either the acceler 
ating potential or the current energizing the cle 
tromagnet. The latter was used almost exclusive 
ly as positive-ion emission currents do not exhi! 
perfect saturation, hence it is preferable to ki 
the ion-acceleration potential constant. 


2. Positive-ion Source 


The ion source was of the thermionic type. 7! 
positive ions were emitted from a platinum dis 
impregnated with the sample. The disk, 2 0 
in diameter, was spot-welded to a hairpin tun 
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» filament, and was mounted from 6 to 8 mm 
sove the entrance slit to the analyzing chamber. 
eelerating potentials from 500 to 600 volts 


re used 
In order to obtain precision results it was es- 


ntial to briag the thermionic beam to focus on 
entrance slit. This was accomplished by 
vans of an electrostatic focusing shield in the 
rm of a washer with the disk symmetrically 
ated in the eye. In general, a positive potential 
. the washer of about 60 v with respect to the 
sk was required to bring the beam to a sharp 
us on the filament slit. The slit was made 
ovable to permit adjusting for maximum re- 
ved ion currents. This position usually is 
lentical to that for minimum background. 
The platinum disk was prepared for impreg- 
ation by glowing at white heat in vacuum until 
residual potassium was removed. Impreg- 
ation was accomplished by pasting a small 
uantity of a potassium containing material on 
disk with distilled water and heating to red- 
ess for about 30 minutes. During the heating 
rocess the platinum absorbed sufficient potassium 
)serve as a positive-ion source. For high resolu- 
on, it is essential to remove all adhering deposits 
om the platinum by scraping it with a sharp 
nife. Salt or ash deposits on the platinum result 
it only in a nonuniform work function over the 
irface but become charged in operation, and 
ms-quently, introduce an appreciable back- 
round between the isotope peaks. 
The positive-ion emission from impregnated 
uirees always passes through a definite cvecle 
ith respect to time. The ion current at first 
creases with temperature until a fairly flat pla- 
au is reached. Thereafter, the emissivity de- 
reases, approaching zero when all the alkali is 
Consecutive measurements of the 
eights of the isotope peaks taken when the 
mission is increasing slowly or when it has reached 


Meas- 


rements taken When the emission is decreasing 


emoved 


he plateau give the same abundance ratio. 


sually give a ratio that is too low. 

The mechanism resulting in a decrease in the 
bundance ratio when the source is near exhaus- 
ion has been discussed in a previous article [13]. 


" 


iaddition, it was pointed out that the emission 


pi positive tons from impregnated sources can be 


Xpressed by an equation of the Richardson type 
¢ the form 


oncentration of *’K and ‘'K 


N*+=n(kT/2am)'e-*o/*7, 


where N* is the number of K* ions escaping per 
unit surface at temperature 7, n is the K atom 
density per unit volume at the surface, m is the 
atomic weight, and ¢ is the work function. The 
escape of positive ions at a given temperature is 
seen to be the product of two variable terms, the 
first, n, being a direct proportionality, and the 
second, ¢, being a negative exponential. As 
positive jons on the surface behave as a positive 
grid to depress their own emissivity, it follows 
that the work necessary to remove an ion do- 
creases rapidly with a decrease in n. Thus, the 
initial increase in emissivity can be explained as 
a result of a decrease in ¢@ brought about by the 
concomitant decrease in n. When the surface in 
the final stages of exhaustion is largely denuded 
of potassium, ¢ will undergo little further change, 
and the emissivity will drop as n approaches zero. 


3. Preparation of Samples 


Although any potassium-containing material 
can be used to impregnate the platinum disks, 
crystalline salts like potassium chloride and potas- 
sium sulfate are difficult to use as the coatings are 
inclined to peel off during the initial heating. To 
overcome this difficulty, it has been found advan- 
tageous to convert such salts to phosphates. 

As only 10-* g of potassium is required for 
analysis, sample-taking becomes a problem of 
using a small quantity that can be handled con- 
veniently. The smallest possible samples were 
preferred as the operation of the electromigration 
cells should be checked as nearly as possible under 
conditions of total reflux. The technic adopted 
was to remove a drop of solution from the cathode 
compartment and to place it in a 2-ml platinum 
crucible that had been boiled in nitric acid and 
washed in distilled water. A drop of dilute phos- 
phoric acid and a little powdered quartz were 
added, and the mass was evaporated to dryness 
and heated to dull redness. The quartz, which 
had been boiled for 2 days in nitric acid, was used 
simply as a carrier for the potassium phosphate. 

In preparing the sample for the mass spectrome- 
ter, a little quartz was scraped out of the crucible 
and placed on the platinum disk. The disk was 
then heated to dull redness in a vacuum, after 
which all the quartz and adhering phosphate were 


carefully removed. It was then spot-welded to 
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the mass-spectrometer filament and placed in the 
instrument for analysis. 


4. Potassium Isotope Abundance Ratio 


The abundance ratio for the isotopes of potas- 
sium has been shown to be constant in nature, 
except where base exchange or perhaps certain 
vital processes have taken place. This ratio is 
*K /"“K=14.20 +0.02 [14]. As commercial salts 
all have the normal ratio, it was not necessary in 
the present experiments to check during the opera- 
tions the solutions flowing through the anode 
compartment when “K was being concentrated 
or the cathode solution when “K was being con- 
centrated. All isotope concentrations reported 
in the present paper represent a change in abound- 
ance from the normal ratio of 14.20. 


VII. An Automatic Reflux Control 
By Roy J. Britten and J. Gilman Reid, Jr. 
1. Introduction 


In the electromigration method of isotope 
separation, conditions of reflux balance must be 
maintained over long periods of time. Manual 
control of operating conditions proved satisfactory 
when the cell was kept under continual observa- 
tion. A virtually self-regulating system was con- 
trolled by the pH of the cathode solution. This 
provided greater convenience and reliability, and, 
in addition, reduced the amplitude of cyclic 
departures from conditions of exact reflux balance. 

In potassium cells, the pH of the cathode 
solution was found to be a sensitive and reliable 
criterion of reflux balance. The rate at which 
restituent acid was added to the cathode volume 
proved an effective means of controlling the reflux 
rate. Here the pH was indicated by the emf of a 
hydrogen electrode against a lead-sulfate or silver- 
chloride reference electrode. This emf operated 
through a d-c amplifier to actuate an electric 
valve in the acid supply line. 

The cathode compartment of a small K,SO, 
separation cell with associated control elements is 
shown in figure 20. The hydrogen electrode and 
the lead-sulfate electrode were located side by 
side in a relatively field-free region above the 
cathode. Nascent hydrogen evolved in the cath- 
ode reaction saturated the hydrogen electrode. 
The feed line for the restituent acid (H,SO,, 1:30) 
entered the cathode solution and was curved to 
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point up at the hydrogen electrode. 

in the acid line, was attached to a Mariot ie suppl 
bottle and was held open or closed under cont 
of the electric relay in the amplifier output cirey) 
Polarity of connections was such that an ineres 
in cathode pH above a chosen reference yaly 
caused the valve to open and feed more restitypy 
acid. 




















Figure 20.—-Cathode compartment and control equip 


1, Restituent acid; B, amplifier; C, cathode 


2. Control Electrodes 


The reversible hydrogen electrode consisted 
a l-em disk of platinized platinum gauze. 1! 
was located directly above the cathode of the | 
so as to receive a plentiful supply of nasces! 
hydrogen. 

The reference electrode of lead-lead sulfate \ 
a projecting length, about 0.3 cm? in surface ar 
of a pure lead wire waxed into the end of a pr 
Previously, the wire bi 
15 minutes in a dilut 


tective glass sleeve. 
been anodized for about 
sulfuric acid solution at a current density of 
amp/em,’, and with several subsequent polar! 
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versals. Electrodes of this type were used in bility of less than 0.1 pH. Neither the hydrogen 
fate solutions. electrode nor the lead-sulfate electrode showed any 
In chloride solutions, the reference electrode was deterioration during extended operation. Al- 
silver-silver chloride with a built-in salt bridge. though the silver-chloride electrode was expected 
jis electrode was housed in a 4-mm Pyrex tube to be subject to deterioration due to the leaching 
th a porous frit sealed in one end. The tube of KCl from the gel, no such difficulty was 
titueufihys filled for several centimeters above the frit encountered. 
+h an agar gel saturated with KCl. A silver 3. Amplifier 
ire with a drop of AgCl cast on its end was im- 
rsed in the gel. The open end of the tube was The amplifier is shown schematically in figure 
ind with wax around the silver wire. 21. It consisted of an input stage with 6SF5 
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Fiacure 21.—Amplifier. 


hm power rheostat (external to amplifier); R-2, 50,000 ohm potentiometer, R-3. 200,000 ohm resistor; R-4, 150,000 ohm resistor, R-5, 100,000 


24 25.000 ohm resistor; R-7 1 megohm resistor; R-8, 35,000 ohm resistor R-9, 2,000 ohm resistor, 10 watt, wire wound R-10, 100,000 ohm 
2 20,000 ohm resistor; R-13, 10,000 ohm potentiometer wire wound: R-14, 500 ohm resistor, 100 watt, wire w vund, 


Adjusted for 20 to 25 volt drop at operating current o cell 


0,000 ohm resistor; R-1 
isted to 440 chms R-15, 75 ohm resistor, 25 watt, wire wound, adjustable 
le > 


hm resistor; all resistors watt carbon, except where otherwise specified; C-1, 0.05 mf Paper capacitor; R-1, neon lamp, 1/25 watt T-1 and 


ibes 6SF5; T-3 and T-4, vacuum tubes 25L6 
The hydrogen electrode against either reference triodes (7, and T,) and a power stage with 25L6 
ectrode developed a change in emf of about 60 beam tetrodes (7, and 7;). In each stage, re- 
uy per unit of pH. The electrodes operated with- versed phase coupling of the two tubes was de- 
it polarization into the 10-megohm input circuit veloped by the high resistance (Rs, Ro) in their 
aplifier. Random drift was a few milli- common cathode circuit. The amplifier responded 
nd corresponded in all cases to an insta- — to potential variations between the two input 
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grids but was only slightly affected by variations 850 ohms for normal actuation at abou: 29 . 
in their common potential relative to ground. The relay was supported by a brass clam, ing st wn 
The resistance offered by the input grids was about from the neck of the Mariotte bottle.  T\e Jif; 4 
10 megohms. The grid-circuit filters (Ry, C,) arm was a light brass strip, 15 mm wide and ere, the al 
provided a bypass of transient and alternating lengthwise for stiffness. It was attached y; :plifie: 
potentials picked up by the leads and electrode screws to the relay armature and projected §, » tha 
which could not easily be shielded. beyond the pivot axis. A notch in the open « lay cul 
The output load was the coil of a relay that 7 ll 
actuated the acid valve. This was in the plate 2 Conte 
circuit of 7). Between this point and the input ’ 0 wal 
grids the amplifier has a transconductance of 150 ap 
ma/v. Amplitude response was linear over an ted 
input range of 250 mv. R, permitted application np th: 
to the input emf of a positive or negative bias 
adjustable up to 250 mv. R, provided adjust- 
ment of quiescent output current between 15 and ba 
35 ma approximately. Switch SW-1 could be The ¢ 
thrown to short the input for making this ad- fluence 
justment. wk 
The amplifier was operated from the power ; trod: 
supply for the separation cell. This was a 180-v / | acid 
stack of heavy lead cells which were floated on the —— jected 
220-v d-c line at a charge rate of about 0.2 amp. | : ode s 
This gave a source of about 193 v with good sta- pnt sh 
bility. Alternatively it should be possible to | \ 1" sfnga 
operate the system directly on a 220-v line having er 
good stability. In this case R-14 should have a \ || pred « 
value of about 550 ohms. | \ prere 
\ the 
4. Acid Supply System : | \ e hyd 
| » 
The acid supply system comprised a reservoir — dew 
that fed through a ball-and-cone valve to an in- Wy es 
jector in the cathode volume. The valve was ——- fe Tyre 
actuated by the armature motion of an ordinary | tiem 
electric relay from which the electric contact ele- ¢ aluall 
ments had been removed. The assembly is shown e pH 
in figure 20. plifie 
The reservoir was a 4-liter Mariotte bottle, sermais 
which supported the glass-valve assembly. The en rel 
valve stem was a 32-cm length of 3-mm rod ground culate 
round at its lower end and with a head at its upper ——— ye ee trad 
end for support by the lifting arm. The conical » bed 
valve seat was ground in a length of heavy-walled engaged the valve rod just below its head. Th pact 
capillary tube which was sealed into the lower end 4-40 machine screws threaded tarough the arm , 
of the valve housing. The length of capillary ture served as adjustable stops on closure oh 
tubing was adjusted to limit the acid flow to the Mechanical adjustment of the relay was “Hho po 
desired maximum. The injector was a length of critical. In a typical case, the stops for open aj, 4, 
5-mm tube curved and drawn into a nozzle at the —_ close position were set so that the relay closed Hy o4, 
discharge end. a 2-mm air gap at 30-ma current and opened Hy, , 
The valve assembly is shown in greater detail 3-mm air gap at 25-ma current. The valve "Hj, \, 
in figure 22. The relay coil had a resistance of was lifted about 3 mm when the relay was ¢! 
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Mb ed his adjustment maintained itself for an 


eration period of over 800 hours. The 5-ma 
he lifti@iigerence in relay currents corresponded to 30 mv 
| crea the amplifier input. As the total instability of 
hed wj iplifier and pH electrodes was equivalent to 
ted 8d. than +10 mv at the input, the quiescent 
open efi.y current could be set at 25 ma with no risk of 
tuation from a random surge. 

Contacts consisting of short lengths of brass 
re were attached to the valve lift arm and to the 
avy frame so as to close when the valve arm 
ted. These were connected to a small neon 


Ping st 


mp that served as an indicator of valve position. 
5. Cathode Compartment 


—@EThe character of the regulation was critically 
fluenced by the shape of the cathode compart- 
ent and the placement of the cathode, of the pH 
trode, and of the injector, as well as the rate 
acid injection. The time required for the 

jected acid to mix completely through the ca- 
] ode solution was determined by the compart- 
ent shape, the placement of the cathode, and 

e rate of hydrogen evolution through its mixing 
‘tion. The dominant factor in establishing the 
briod of the control cycle was the time interval 
ptween the opening of the valve and the contact 
the injected volume of concentrated acid with 
e hydrogen electrode. This interval depended 





bh the acid release rate and a placement of the 

jector relative to the hydrogen electrode. 

During the part of the operating cycle when 

il was not being added, the pH of the cathode 

“glution continually increased as hydrogen was 
olved in the cathode reaction. The emf from 
e pH electrode and the output current of the 
nplifier consequently increased. At the pre- 


ES 


termined current level, the valve opened and 
en remained open until the concentrated acid 
culated into the contact with the hydrogen 
«trode. During the ensuing interval, in which 
¢ hydrogen electrode was recovering from the 
ntact of concentrated acid, the valve remained 
sed and the injected pulse of concentrated acid 
thoroughly mixed through the solution. 


vas “Hon recovery, the potential of the hydrogen elec. 
pen “ile again represented the average pH of the 
_ thode compartment, and the cycle was repeated. 
rol ln a typical case, the period of the operating 


le Was maintained with stability at 10 seconds. 


oy 
is ¢ 
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Acid injection was at about three times the re- 
quired average rate for approximately one-third 
of the cycle. The time required for thorough 
admixing of the injected acid was about 5 seconds. 
The emf of the hydrogen electrode indicated a 
total pH swing of from four to five units during the 
cycle. 

The tip of the acid injector was located about 
3mm from the hydrogen electrode and was aimed 
directly at it from below. A closer placement of 
the injector reduced the period of the cycle, but 
this offered no particular advantage and decreased 
the stability of operation. 


6. Adjustment Procedure 


Initial adjustment of the self-regulating cell was 
made in the following manner: The current and 
the rate of addition of the restituent solution to 
the anode compartment were -adjusted to the 
proper values. The control amplifier, which had 
meanwhile warmed up (with switch SW-1 thrown 
to short the input grids, was adjusted for a current 
output slightly below that for valve closure. 
Then, with SW-1 thrown to the operating posi- 
tion, a small quantity of a selected chemical 
indicator was added to the cathode solution and 
the potentiometer R-13 adjusted to open the 
valve coincidently with the indicator color change 
Where necessary, acid was manually added to the 
cathode solution for bringing its pH into the 
chosen operating range. After the control cycle 
of operation had been established, 2-13 was 
readjusted for more precise agreement of relay 
actuation and indicator color change. The neon 
lamp, N-1, was a pilot for valve operation and 
permitted easy observation of the cycle adjust- 
ment. 


7. Results 


Several potassium sulfate and potassium chlo- 
ride cells were maintained in self-regulated opera- 
tion for periods of, in some cases, more than 800 
hours. Representative experiments are included 
in table 8. The automatic control was of princi- 
pal value in making the operation of cells more 
convenient and reliable by eliminating their need 
for continual attention. From available data the 
separation efficiency of a cell was in no case 
impaired upon its conversion to self-regulation, 
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oncentration of Potassium” by Countercurrent Electro- 
migration: Some Theoretical Aspects of the Operation’ 


By James W. Westhaver ” 


Equations are derived which describe the operations (A), 
after infinite time with no production, and (C), after infinite time at fixed pro- 
of the 


run, (8B), 


duction. The formulas under (A) 


coefficient, « 


enable 


evaluation 
Those under (B) enable calculation of the maximum separation in terms of 


for the early stages of the 


elementary separation 


various channeling factors which determine the length of theoretical unit cell, A. The 


formulas under (( 


') enable calculation of optimum production conditions. 


When measured 


by the smallness of A, the analysis depicts the fractionator as one which is about 100 times 


more powerful than a modern laboratory distillation column. 


I. Introduction 


A mathematical analysis of various factors 
ertinent to the operation of - countercurrent 
lectrolysis [1, 2}* in capillary tubes, packings, 
nd sheets is presented. Special emphasis is 
iven to the adverse effects of channeling. Al- 
ough the discussion is applied to the specific 
roblem of concentrating “K, it is applicable to 
pen and packed reflux columns in general 
rely by changing the definition of terms. 

The factors involved in the analysis are (1) 
‘he separation coefficient. This is defined as 
e ratio of the mobilities or velocities of the °K 
nd “K isotopes, e=r;/~. The actual mechanism 
iving rise to a difference in mobility is not in- 
Solved in the The length of 
required to give a separation of «. In 
he discussion the term A takes the place of the 
onventional height of elemental theoretical plate 
r height unit. The various ex- 
berimental conditions limiting A are considered 


discussion. (2) 


olumn, #, 


of theoretical 


(3) Factors for continuous produc- 
ion. Calculations based on (1) and (2) are given 


idividually. 


er will be included in volume 6, division ITI, of the Manhattan 
nical Series 
Examiner, U. 8. Patent Office, 
tion, National Bureau of Standards 
brackets indicate the literature references at the end of this 


and Consultant to Mass Spec 


oncentration of Isotopes of Potassium 


for the most efficient length of tube, the holdup, 
and the yield in grams per kilowatt hour, when 


the product is “K/"K 


21.3. 


1. Symbols and abbreviations 


A 


a 


C1 ,€2 


0 


DD, Dz 


p’ 


cross-sectional area of packing, cm* 

lateral spacing between a velocity crest 
and a velocity trough, em 

concentrations of *K, and “K, moles/em* 

normality, moles/liter 

isotropic, lateral and longitudinal co- 
efficients of pure diffusion, cm*/sec 

over-all or effective longitudinal co- 
efficient of remixing by both pure 
diffusion and convection remixing, 
cm?/sec 

?/t2= elementary process separation fac- 
tor 

Faraday 
lombs/equivalent 

length of theoretical unit, as defined in 
text, cm 

viscosity of solution, poise 


constant=96,500 cou- 


total current times positive-ion trans- 
ference number, amperes 

length of packing or fractioning path, 
em 

equivalent conductivity of solution 

mole fractional concentrations of “K 


and “K 
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dimensionless exponent 

valence of positive ion=1 for K 

radial coordinate and radius of tube, em 

V./AV,=reflux ratio during production 

over-all separation factor at time t and 
at equilibrium 

time, sec 

velocity of “K and “K relative to the 
solution, cm/sec 

mean countervelocity of solution for 
total reflux, em/sec 

local point counter velocity of solution, 
cm/sec 

mean departure from total reflux mean 

with reference to 
production, cm/sec 

local point departure from exact ion- 
velocity, solution-y elocity balance un- 
der total reflux equilibrium, cm/sec 

cathode volume, cm® 

thickness coordinate and semithickness 
between parallel walls, em 

distance from anode face of packing, em. 


countervelocity, 


II. Significance of « 


In an electrolytic cell of the type discussed in 
RP1765 [2], the transport mole/em?/sec of the 
light “K isotope due to the electric current before 
the liquid counterflow is superimposed is 


Cy?) It 


=) ; 
C0, + Cty GFA 


in which ¢, and ¢ are mole concentrations of “K 
and “K per milliliter at time t; 7, and v, are their 
velocities; 7* is the positive-ion current equal to 
the total current times the cation transference 
number; /=96,500 is the Faraday constant; A is 
the effective cross-sectional area; and q is the 
valence of the positive ion, being unity for K*. 

When liquid counterflow is superimposed at a 
rate intermediate between the velocities of the 
“K and “K, these are transported in opposite 
directions and an isotope concentration gradient 
builds up. This gradient begins adjacent to the 
cathode and works its way to the anode, finally 
reaching an equilibrium value. When this equi- 
librium is reached, the stream flow plus the back 
diffusion and convection remixing just balances 
the “K ion current. If the potential is then re- 
moved, the flow of “K in the anode direction is 
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Vue. +D'(de,/dz),.. moles per squar coer) 
meters a second, where V, is the m: liquid 
velocity, D’ is the over-all or effective coofficien 
of remixing by both diffusion and conyectiy: 
processes, and z refers to length along the ty), 

When the average K ion is static against 4 
moving stream, as is the case during perf 
operation, and when equilibrium is reached { 
the entire tube, conditions in the 
expressed by 


System ap 


. T 
roe 7 FA Veer + D’ (de,/d2) .«, 
where (de,/dz),.. 
tainable gradient. 

The liquid countervelocity, V,, is so adjusted y 
the cathode end that the net forward transport 
positive ions by the current is balanced by «| 
backward transport of the 
I*/(qFA)=V,(q.+e). Hence 
positive-ion current after this adjustment. 1) 
small currents of “K and “K that cause the tu! 
to build up a gradient are equal and opposite, « 
finally disappear when the equilibrium gradient » 
Henee, under proper conditions, ¢! 


represents the maximum 


stream, so that 
there is no 


reached. 


entire current is carried by the negative iow 


throughout the run. V, is maintained consta 
throughout the run and has the value 


V I* ' 
*  qFA(e,+¢2) 


Substituting eq 2 in eq 1 and collecting 


I C1C2 (0; — V2) 
QP'A (€,+€2) (Eye) + C202) 


D’ (de,/dz), 


As v», and r are nearly equal, it is sufficient) 
accurate to write (¢,7; + ¢et)) = (e,4 C2)% and, als 
to express isotope concentrations as mole fractiow 
by N,=e,/(a+e), Na, 
(q,+e¢)dN,. With these relations, eq 3 become 


I* (v, —ve) dN, 
qF AD’ (e,4 C2)03 NN? 


Co/(e;s+e.), and d 


lz 


As N, +N, 
that 


1, and hence dN, dN4, it follows 


dN,/N\N,=dN,/N,—dN2/N,=d In(Ny Nod, 


and the integration of eq 4 over the length, /, of t 
tube, assuming uniform salt concentration, give 
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I*(v,—v2)l = 
— (9) 
gh AD (e, t €2)02 i 
‘his is the equilibrium equation for the tube and 
pplies only after the gradient ceases to rise in 
Any pa of the tube. 
The elementary process separation coefficient 
= defined as the ratio of the mobilities or velocities, 
{ the light to the heavy-isotope ions, thus 


The over-all equilibrium separation factor is 
lefined as the ratio of the abundance ratio at the 
-athode to the abundance ratio at the anode, thus 


(N,/N2) 201 


S =a . 
© (Ni /Ns) eno 


(6) 
As « is close to unity, e—1 can be replaced by 
Ine. Equation 5 therefore can be written 


I*(e—1)l I*l in e 


In S, gFAD (e,+¢.) qFAD'(e,4 C2) 


where A is the height of theoretical unit and equals 
gk AD’ (e+e) /I* =D’ /V,, and l/h is the number of 
theoretical units contained in the length /. 

All quantities are measurable in eq 7 and 8 
with the exception of the over-all remixing coeffi- 
cient D’; this can be calculated under certain 
simplified experimental conditions, for example, 
those prevailing in a single vertical capillary tube. 
Equations 7 and 8 thus make it possible to caleu- 
late the maximum separation attainable. 

At the beginning of the run there is no remixing 
as de,/dz=0, and the total transport of light iso- 
tope is concentrated in the cathode compartment. 
The initial transport, in moles of “K per second, 


from eq Sis 


I* N\N2(e,—%) __ I*NN2(e—1)_ 9 
oF “ qF (9) 

The initial rate of rise in concentration at the 
cathode is inversely proportional to the cathode 
volume. When AN, is the mole fraction gain in 
concentration of the light isotope in t seconds; 
V., the volume; and (, the normal- 
ity; the moles of light isotope accumulated is 
VCAN,10™ moles *K. This is equal to the rate 
given by eq 9 times the time. 


cathode 


Hence 


Concentration of Isotopes of Potassium 


V.CAN,10 se NN2€ 1)t 
qk 
VCgF AN, | (10) 
10007*t N\N, 
As AN, is small compared to N, during initial 
operation, 


AN, r y 
NN, Aln(N,/N2) 


In(N,/Ne2).— 


In(N,/ Ne) p29 = nS). 


Equation 10 now becomes 


_V.CqFins,. 


1000]*t (11) 


With eq 11 it is possible to calculate the ratio of 
mobilities from the initial slope of the curve of 
In S, plotted with respect tot. If S,is near unity, 
it is sufficiently accurate to write In S,= S,—1 
and plot this with respect tot. Also N,/N, may be 
plotted, but in this case the initial slope must be 
divided by (N,/N2) (mean) in making the caleu- 
lation of e«. 

Equation 10 or 11 applies regardless of whether 
the light isotope is rare or abundant. In cases in- 
volving the concentration of the heavy isotope, 
N, and Ny, are interchanged, and S, is defined as 
(N./N,) ./(N2/N)) <0. The definition of ¢« then 
remains the same, namely, the ratio of the light 
to the heavy-ion mobilities. 


III. Calculation of h 


The factor A is defined for the present process 
as that segmental length of tube or cell that will 
boost the abundance ratio by a factor « when the 
concentration gradient has built up to a steady 
state under “total reflux’, i.e., cathode sampling 
rate is zero. It is important that h be kept small 
as the power requirement, holdup, and time to 
reach equilibrium are each proportional to it. 
This section discusses conditions under which a 
small A can be realized, as well as other conditions 
that will lead to a large A. 

According to eq 2, 7, and 8, the length A is 
given by 

h=D’/V., (12) 
where LD’ 
coefficient, 


is the over-all longitudinal remixing 
and V, is the mean liquid counter- 
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velocity that balances the mean drift velocity 
of the A ions. In all cases met in practice the 
effective coefficient D’ is made up of both pure 
molecular back diffusion and convective remixing. 
The latter is due to convection of K resulting from 
the fact that the point liquid countervelocity is 
not in exact balance with the point ion velocity 
over the entire flow cross section, being higher 
than the ion velocity in one region and lower than 
the ion velocity in another. It is necessary to 
evaluate this latter remixing effect to arrive at a 
value for D’ orh. As convective remixing depends 
not only on the longitudinal velocity of the K 
but is diminished by the cross diffusion between 
the counterflowing streams of K, it is necessary 
to analyze the steady state in terms of the profiles 
of longitudinal velocity and lateral diffusivity. 
This can be done rigorously only for cases involv- 
ing geometrical symmetry, in a manner now to be 
discussed. 

Consider a round tube that may be either a 
single narrow capillary or a much larger packed 
tube. Assume that the mean liquid counter- 
velocity is held in exact balance with the mean ion 
velocity, notwithstanding that the center of the 
tube has a liquid velocity greater, and the periph- 
ery a liquid velocity less, than the ion velocity 
in these regions. Assume further that the profile 
of the velocity departure is symmetrical to the 
center of the tube. Then, for the point difference 
between liquid countervelocity, 7, and “K_ ion 
velocity +, 

Ar=r,—?, (13) 
where the point velocity departure, Av, is a sym- 
metrical function of r. 

Also, as there is a net balance of transport with 
respect to average values, 


PC, +0 2t; (14) 
where 7, and f% are the averaged point “K_ ion 
velocities and the c’s are the averaged point 
concentrations of the two isotopes. 

As by definition, e=v,/~, which is closely 
»,/%, and as e—1 is quite small compared to unity, 
eq 14 may be written 


t,—V, V .€2(e—1)/(, +). (15) 


Equations 13 and 15 will be returned to, it now 
being necessary to consider the differential and 
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integral equations that describe the st; 
operation of the tube. 

Let d¢,/d2 be the longitudinal conc. itratig 
gradient finally established after very prolongs 
running, ¢, being the average "K_ concentratiy 
over the cross section at level z. This gradient \ 
also the gradient for each point in the cross sectiy 
because the distribution curves for concentratic 
along the wall, along the axis, or along an inte. 
mediate cylinder, are closely parallel in all cass 
to be considered. 

Consider an element of volume at a point ; 
Due to such lack of equality as may exist betw: 
jon and liquid velocity, the “K is removed lou. 
tudinal from the element at a rate (,—r)dc, 2: 
moles sec~' em. But as point concentratioy 
in the tube have reached a steady state, thi 
removal must be exactly compensated by a laten 
diffusion of “K into the element at a rate (d/n/ 
(Dr de,/dr) moles see! em=, in which D), is ¢! 
radial coefficient of diffusion. Hence the stead 
state requires 


d(D,rde,/dr) 


rdr 


tV Stat 


=(v, —v) 0@,/Oz. 


A second equilibrium condition, assuming ze: 
sampling rate at the cathode, is that the integrat 
transport of “K is zero. This is expressed by 


MG ~v)e, — D,0€,/ 02] 2rrdr=0, 


where (7,—?r)¢, is the moles/em?/see transported a 
the point r,z due to the velocity departure, au 
D,d¢,/dz is the moles em~? see! diffusing back 
D, being the longitudinal coefficient of pure dil- 
fusion. 

Equations 16 and 17 can be combined afte 
suitable transformation as follows: Integration 0 


eq 16 gives 


de, = OF: | KG a e)rdr |adr Dir, 


whereas integration of eq 17 by parts gives 


°r 
c; 
0 


rr2D),00,/ dz. 


., °°, 
'(v, —v) 2ardr— ’ (vr, —v) 2ardrdc 
0 /J0 


For de, in eq 19 is substituted the expression give! 
by eq 18, giving 


Journal of Research 





wher 
a fw 
origi! 
wis 
lowe! 
de d. 
Fin 


eq 2% 


Con 


itratiy 


long 


Htratig 
idlient ‘ 


S Secty 


ntratu 


in Inter. 


all Cas« 


int r 


betwi 


“dl longi. 


roc, 0 


trations 


le, this 


1 late 


2rdr = oft fo — e)rdr | 


dr/Dywr- Dir2l az, Oz. (20) 


r 
2rdr=T,r5 and fj ve2rar = V7. 
0 


Jence returning to eq 13 and 15, and combining 


hese with eq 20, 


2V.e—Dre_[y Cf (" ] 
Ve (Ap) rdr 
F413, 2 |, | Jo Av)rdr 


dr/Dyr  Dyr2ldz, dz. (21) 


Now let dz=h. Then by definition of A the 
orresponding longitudinal increase in the abund- 
nee ratio is by a factor e, where 


C74 * 
«== -C,/C2. 
Cot m9 


and is 


s de des, 


an be written 


und substitution in eq 21 gives 


, °, “2 
» ( { . 
ee 2h tf Av)rdr | dr Dy LD,/V,. (22) 


VI 


Equation 22 is the general result sought. It 
nables the calculation of A for any round tube 
vhether packed or open, provided Av and D, are 
known symmetrical functions of the radial coor- 
linate, r. 

In a similar fashion it can be shown that A for 
# long, thin packing or film, contained between 
arallel walls, where flow is lengthwise and a 
uniform balance can be assumed breadthwise, is 
given by 


fi | “(ae)de Pas dD, 
h 0 J0 , | D, | = 
Vw . 


») 
as (22a) 


where Av is the symmetrical velocity departure as 
a function of the thickness coordinate, z, the 
origin of the latter being midway of the walls, and 
In general, the upper and 
that 


w is the semispacing. 
lower limits of x should be 
0 at both limits. 

Five special cases under eq 22 and two under 
eq 22a will now be considered in detail. 


chosen such 


de, /d. 


Concentration of Isotopes of Potassium 


Case I. The Isothermal Capillary.—Consider a 
single narrow capillary tube and assume an inap- 
preciable rise in axial temperature relative to the 
wall temperature. Then the ion velocity is uniform 
over the cross section so that »,=%,. But the 
liquid countervelocity is a symmetrical parabolic 
function of r, and this is true even if the flow is 
aided or impeded by electro-osmosis, as it is 
known that the latter type of flow also has a 
parabolic profile [3}. 


as ae Fae oe ram 





r — 
AV=V-VeV, (207 F 1) 


Ficure 1.—Profile of isothermal capillary tube. 
The profile of the velocity departure is illus- 
trated in figure 1 and is given by 


Av=v,—v=v,—v= V,[2(r/ro)?— 1). (23 
This is to be substituted in eq 22. The profile of 
the radial diffusion coefficient D, is a horizontal 
line in this case, and hence D, may be brought 
outside the integral sign. The diffusion coeffi- 
cient vertically will be the same as radially, and 
both will be designated D. 


For the first operation indicated by eq 22, 
[ (ae) rar | (V2ré/4)[(r/ro)® —2(r/ro)* + (r/ro)*} 
* 0 
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The remaining integration with limits ro, and 0 
leads to 


h=(V,72/2D) (1/8—1/3+-1/4)+D/V, 


(1/48) V,72/D+D/V,. (24) 


From this result it is seen that the mintmum value 
of h is ro/2y3, and that the liquid countervelocity 
to achieve this minimum is 


V,=(D/r)4y 3. 


The values of A for a 1.0-mm inside diameter 
isothermal capillary for several voltage gradients 
lengthwise of the tube are listed in table 1. The 
temperature is assumed to be 18° C throughout, 
for which the mobility in 1.0 N KCl [6] is 
0.000498 em sec™ volt“. The value of D in 
KCI solution up to 1.0 N is close to 1.55 107° 
em?/sec. 


/ 


TABLE 1.—Height of theoretical unit of 1.0-mm inside 


diameter isothermal capillary at 18° C 


Potential Ve (1/48) Vere/D DIV 


cm sec cm 

0. 000498 0. 08110 0. 0328 
00215 00722 00722 . 0144 min 
00488 0168 00811 01998 


0. 00168 


In practice, because of ?R heating, the assumed 
isothermal condition is not realized. If the capil- 
lary is set vertically with cathode feed at the top, 
and say a 40° C axial rise in temperature is per- 
mitted, it is possible to so select the inside diameter 
that thermal convection up the center and down 
along the walls will partially balance the excess 
and deficiency of the countervelocity. The re- 
sultant profile, illustrated in figure 2, is a closer 
approach to ideal point balance than figure 1. 
In consequence, A will be less than the values 
indicated in table 1. Calculations indicate that 
a vertica) capillary under perfect control with an 
inside diameter of 0.7 mm, and a gradient of 15 
v/em, can yield an A of 0.002 em, or 500 theoretical 
units per centimeter length. 

If the capillary is set horizontally, the effect of 
heating results in a lateral convective mixing. 
This increases the value of D in the first term of 
eq 24. Hence the value of A will be somewhat 
lower than indicated in table 1, provided the in- 
creased back diffusion represented by the term 
D/V, is unimportant, as is the case for voltage 
gradients higher than about 10. 
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The foregoing calculations apply only |» a sing 
capillary tube. To be applicable to a | und) 
tubes it would be necessary for the mean ion y 
liquid velocities to balance in each. The exye 
ness of this individual tube balance will be reali, 
when it is considered that maximum separa) 
can occur in each tube only when the mean liqu 
velocity has a value lying between the velocit; 
of the *K and “K ions. As, for a given liquj 
head, the liquid velocity varies as the square; 
capillary bore, and as the two ions differ in vely 


THERMAL D 
CONVECTION...’ 


‘ 


Figure 2.—Profile improved by thermal corvection 
ity by only about 0.3 percent, a suitable bund 
must consist of tubes with variations in bore o 
less than 0.2 percent. Such a requirement cat- 
not be met by selection of ordinary glass tubig 
although extruded tubes might have the required 
uniformity. However, a further requirement 5 
that the tubes be at nearly the same temperatur 
and this is difficult to achieve as the solution hss 
a negative temperature coefficient of resistance 
In contrast, if the above bundle is provides 
with numerous lateral communications betwee! 
the tubes, the resulting cross diffusion wil! great) 
compensate for lack of individual tube balane 


and it becomes possible to achieve a reasona! 
This action, though on a larger later 


low A. 
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is s\milar to the effect of radial diffusion in 
capillary, which partially compensates 
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eq 24 
A tube packed with sand, beads, etc., is analo- 
ws to a capillary tube bundle having cross 
mmunication between It will be 
ear, therefore, that isotope separation in other 
an an ideal packing is possible only because of 
Various cases of nonideal pack- 


passages. 


ross diffusion. 
ws will be treated hereinafter, but first it appears 
esirable to discuss the ideal, though as yet non- 
xistent, packing in order to show the ultimate 
ossibilities of this method of fractionation. 

(ase 11. The Ideal Packing.—The perfect pack- 
ic should have the properties of an ideal tube 
undle. This requires that the pores be small 
nd nearly identical in shape, cross-sectional size, 
The ideal must exclude the 


nd length. case 


presence of a temperature gradient normal to the 
lirection of liquid counterflow because fluidity of 
he solution increases with a somewhat greater 
emperature coefficient than does the mobility of 


he ions. This last consideration suggests that 
he ideal packing must be a face-cooled diaphragm. 

In order to maintain maximum temperatures 
wlow 100° C, calculations indicate that the dia- 
yhragm should have a thickness not exceeding 
bout lem. Where one diaphragm is insufficient 
0 give the desired separation factor, a series can 
« used with intermediate spaces for insertion of 
ooling elements. 

A further requirement is that thermal convection 
cross the thickness of the diaphragm must be 
liminated. Consider a frit made from 50-mesh 
With the convection 
turrent will occur inwardly from both faces at 
he bottom, up the midsection, and outwardly 
oward both faces at the top. The convection 
t top and bottom will cause remixing. On the 
ther hand, with the diaphragm horizontal, the 


faces vertical, a 


veads. 


ipper half will comprise cool liquid overlying hot 
nd the thermal instability will result in convection 
irrents toward and away from the upper face. 
‘alculations indicate that if thermal convections 
re to be reduced to negligible velocity the frit 
hould be made from beads of about 200 mesh 
er inch or finer. This corresponds to a mean 
‘radius of C.002 cm or less. 

inmmary, it appears that the ideal packing 
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should be a face cooled diapbragm of extremely 
uniform thickness and porosity with mean pore 
radius of less than 0.002 em. For such a dia- 
phragm the first term of eq 24, using for r, the 
mean pore radius, is negligible; hence, h=D/V,, 
where D is the longitudinal diffusion coefficient 
of the free liquid and V, the mean liquid counter- 
velocity in the pore. The following are the 
values of A under the ideal conditions assumed 
when V, ‘s taken as 0.00498 cm/sec, corresponding 
to a 1.0 N KCI solution and an applied gradient 
of 10 v/em at 18° C: 

Values of D at temperatures other than 18° C 
were estimated by assuming proportionality to 
absolute temperature times the fluidity of the 
water for that temperature [8]. 


At 18° C; D=1.5510-° em?/sec; h=0.0031em. 


At 40° C; D=2.6810-° em?/sec; h=0.0054cem. 


At 80° C; D=5.57X10~° em?/sec; h=0.0112cm. 

The A at 18° C would apply to diaphragm 
regions close to either face. The h at 80° C would 
be encountered across the midplane of a frit 
having this maximum temperature. As_ the 
mobility increases toward the midplane, the volt- 
age gradient across this plane will drop to a value 
such that the ion velocity and liquid counter- 
velocity are in balance. 

Case IIIT. Packed Tube With Uniform Poros- 
ity and Hot Core.—-Assume first that the packing 
has a pore radius of about 0.002 cm or less, so 
that thermal convection is negligible. The value 
of A will be D/V, at the cooled end faces of the 
packing just as in case //. At points remote 
from the ends, however, the ion velocity and liquid 
velocity are not in point balance over the cross 
section due to the fact that the temperature coef- 
ficient for fluidity is somewhat higher than for 
mobility. The bulk profile of the velocity de- 
parture will approximate the appearance shown 
in figure 3, and will be assumed to be parabolic, 
as given by the relation 

Av=Ar,, [2(r/ro)?—1], (25) 
where all velocities and diffusion coefficients are 
now to be considered as superficial. The super- 
ficial values are obtained by multiplying the mean 
pore values by the fraction voids. 
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Profile of packed tuve, uniform porosity, hot 
core. 





Ficure 3. 


Equation 22 is applicable. A rigorous solution 
requires that the lateral diffusivity D, be expressed 
in terms of r, as D, increases with temperature 
and has its maximum value at the point of maxi- 
mum temperature, r=0. It is sufficiently ac- 
curate for our purpose here to consider D, as 
having a uniform value based on the mean tem- 
perature between wall and axis. The result of 
the integration is then 

h=(1/48) (Av,,/V.)?Ver?/D,+D,./V., (26) 
where V, is equal to the superficial mean ion 
velocity based on the mean temperature. 

As eq 26 involves ratios of velocity to diffusivity, 
each of which is to multiplied by the fraction voids 
to obtain superficial values, it is just as proper to 
use mean pore values. Further, as V, is adjusted 
to balance the mean ion velocity, and as the 
latter is closely the same function of temperature 
as is the diffusivity, calculations can be based on 
KCI solution at 18°, for which, at 1.0 normal, 
V,.=0.000498 em sec! volt-', and D,~D,= 
1.55 10-° em?*/sec. 

Consider a tube packed with 200-mesh sand and 
having an applied gradient of 10 v/em. The 
maximum permissible temperature rise is assumed 
to be 80° C. For this rise, due to the fact that 
fluidity increases more rapidly with temperature 
than mobility, the ratio Ar,,/V, is calculated to be 
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0.10. Table 2 lists the values of A f 
tube sizes. 





TABLE 2. 





Packed tube with uniform 
temperature (rise, 10 v/em) 


poros j Ni) 





Inside diame- 
ter of tube 





It should be emphasized here that the values 
table 2 are for an extreme case, remote from t) 
ends of the packing, and with no thermal cony« 
tion. If the tube is set vertically, and instead, 
200-mesh sand, a coarser packing of about |W 
mesh is used, calculations indicate that therm 
convection will largely overcome the lack of poin 
balance indicated in figure 3. If a tube of 1 
mesh sand is set horizontally, thermal convectie 
will be sufficient to’markedly increase the effective 
lateral diffusion coefficient, D,. For these reasons 
it is possible to obtain lower values for A than w 
indicated by table 2. On the other hand, if tly 
packing contains gas bubbles, the effective valu 
of D, is decreased; hence, h will be increased. 

Case IV. Packed Tube With Wall Channeling 
Uniform porosity was assumed in case /// 
Actually, when a tube is packed with beads 
sand, the porosity adjacent the wall, and for 
width of about half a bead, is about 50 percen' 
greater than elsewhere. This fact can usually \ 
disregarded when the beads are very small and 
held under pressure. In the case of frits th 
higher porosity at the wall can be eliminated 
with suitable cement. It is of interest, however 
to calculate the value of A for cases in which, du 
to failure of one kind or another, a wall channe 
makes its appearance. 

Consider first a wall channel of uniform thick- 
ness over the entire circumference. A_ suitabl 
function for Av is 





























Av=Ap,,— (Av, + Ar,,) (r/r.)”", 2 
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where Ar, is the maximum velocity departu 
near the wall. The parameter, n, determines t! 
extent of the flat portion of the velocity prot 
and for large values of this parameter the pro! 
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Packed tube with symmetrical wall channeling. 


IGURE 4 


Equation 27 must satisfy the 


verage balance, 
7 
(Av)2ardr 
J0 


rom which it is found that 
n= At,,/Av,. 


From eq 22, neglecting the D./V, term, it is 
und that 

Avir3/2V_D,)(1/4—1/(n+2)+1/4(n+1)], (28) 
nd for those cases in which the wall velocity 
eparture is 10 or more times the departure in 
he packing, this becomes 


h=0.1(Ar pt o/ Va)? Val Di. (29) 


In terms of the channel thickness, d, this can 
pe Written 


h=0.1(Ar,d/V,)°V,/D,. (29a) 


oncentration of Isotopes of Potassium 


condition for 


It is seen from eq 29 that the values of A will be 
about five times those for case JJ] for the same 
values of Av,,, thus showing the adverse effect of 
abrupt as compared with gradual departure from 
point balance. A symmetrical wall channeling 
sufficient to cause a velocity departure in the 
packing of 10 percent will lead to a value of A of 
0.12 em for a 1.0-cm inside diameter tube oper- 
ating with an applied voltage gradient of 10 v/cm. 

From eq 29a it is seen that if the thickness of 
the wall channel is the same, the A for various 
tube sizes will remain the same. This is because 
the wall-velocity departure for a given head de- 
pends only on the channel thickness. 

















a 


Ficure 5. 





Packed tube—unsymmetrical wall channeling. 


Although a rigorous treatment cannot be given 
for cases involving unsymmetrical channeling, 
such as illustrated in figure 5, it can be stated 
that for the same Av,, the value of A will be much 
higher than in the symmetrical case. Thus, in 
the general case, h varies as the square of the 
average diffusion distance between the channel 
and the interior of the packing and inversely as 
the lateral diffusion area between the channel and 
the packing. Hence, a wall channel due to a 
localized breakthrough may easily result in such 
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a large A that isotope separation for a 10-cem 
length of packing will be inappreciable. 

Case V. Core Channeling.—Assume the forma- 
tion of a single narrow round channel of radius 
r, and coaxial with the packed tube. The profile 
of the velocity departure will be parabolic in the 
channel and essentially uniform in the surround- 
ing packing, as illustrated in figure 6. Hence 
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Figure 6.—Packed tube—symmetrical core channeling. 


Av Av.{1—(r/r;)*], 0<r<r, 
and 
Avo= &f,, fr; ’< To 


As an over-all balance is maintained, 


r 
[ (Av)rdr, 
) 


| (Av)rdr 


and therefore eq 22, neglecting the D,/V, term, 
and assuming uniform lateral diffusivity, can be 
put in the form 


h=(2/D,\ 72) 


| |- 3 (ae)rdr J dr r-+ 
| il [/ carvrar | ar r}: 


This is integrated after substitution of ‘he y), 
expressions for Av, and the result is 


h (2 D, Vr?) 
(Av2rs/4)[In ro/r,; —3/4+ (r/o) 
(r,/ro)*/4] + (19/768) 4p 


When the diameter of the channel is smal] o» 
pared with the tube diameter, such that r,>) 
and Avr =2Aremr, this expression  becoy 
approximately, 


h=0.5(Ar,,.7o/V,)?(V, D,) (nr, r,—0.7 


where the velocities and diffusivity are sy» 
ficial and apply to the packing. 

With a central hole having an inside diame 
from one-tenth to one-hundredth that of the ty, 
In ro/r;—0.7 will lie between 1.6 and 3.9 6 
comparing this case with case JV, it is seen | 
for the same Ar,, in the packing, meaning that 
total channel flow in milliliters per second is «| 
the same, the A for axial core channeling is { 
8 to 20 times that for symmetrical wall channel 
Although this result may seem surprising, it is: 
be remembered that the axial channel prese 
far less area to the packing through which ¢ 
compensating effect of cross diffusion can occu 

From Poiseuille’s law, the mean liquid veloci 
in the channel relative to the mean liquid veloc 
in the average pore within the packing is prope 
tional to (r,/r,)*, where r, is the equivalent po 
radius. Hence, for a bead packing with 38 pe 
cent of void space, 


(T1/Tp)*; 


or, approximately, 
Av,/2Ve= (Atm! V2) (ro/r:)?=2.63(r,/r,)?—1 


when AV,,/V, <0.1. 


The equivalent pore radius for a bead packit 
has been determined experimentally to be 0.165 
bead diameter [2]. 

Table 3 gives the values of h computed from: 
30 for a 2-cm inside diameter tube packed wil 


beads of 100-mesh per inch, r,=0.0042 em 


assuming 1.0 KC] at 18°C and a voltage gradiet 
of 10 v/em. For these conditions, V,-- 0.00 
em/sec and D,=1.55 107° em?/sec. 
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Core channel 
radius, r; 


cm 
0. 0168 
0252 
0336 
0420 


Table 3 shows that when a single continuous 
re channel has reached a size about five times 
» mean pore size of the packing, the resultant 
will be about 1.0 em. In such a case isotope 


paration between ends of a 10-cm length of tube 


ould be negligible. This result assumes, how- 
er. that the radial diffusion coefficient has the 
lue indicated, this being the minimum value 
responding to molecular diffusion. Actually, 
hen the tube is set horizontally, D, will have a 
uch larger effective value than assumed because 
thermal convections in planes normal to the 
s. Hence, the values of A in table 3 should be 
garded as maximum. They show merely that 
ery poor results can be due to a single relatively 
nall core channel. It is for this reason that bead 
ackings should be held under pressure. 

Case VI. Face-Cooled Diaphragm, NonUniform 
The diaphragm of uniform porosity 
as considered under case JJ. When the dia- 
hragm is not uniformly porous, various regions 
wn be found in which the porosity is above or 
Two factors of equal 


rosity 


clow a mean porosity. 
uportance determine the performance of the 
acking, the first being the magnitude of the 
elocity departure due to the porosity departure; 
ie second is the lateral distance across the face 
{ the diaphragm between a velocity crest and a 
elocity trough. 

The general case does not permit a rigorous 
reatment. However, the order of magnitude of 
can be gotten by assuming an equivalent dia- 
biragm in which the regions of porosity departure 
re parallel, the mean velocity departure and 
he mean crest-trough spacing of the actual case 
nd the equivalent case being the same. 

The profile of the equivalent case is shown in 
cure 


and is expressed analytically by 


Ar Av,, cos (mr/a). 


oncen tration of Isotopes of Potassium 


Equation 22a is applicable. As lateral diffusion 
vanishes at limits a and 0, as indicated in figure 5, 
the integration should be made between these 
limits. The result is 


h=0.0505(Av,,a/V,)?V_/D,+Dz/V., (31) 
this being the A for each symmetrical pair of 
strips, and therefore the A for the entire diaphragm. 


a 


Fiat Profile of a diaphragm with variable porosity. 


From this result it is apparent that small values 
of Ah can be achieved only when the product, 
(velocity departure) times (crest-trough spacing), 
is small 

Consider two diaphragms wherein the velocity 
departures are 10 percent of V, in one and 2 
percent of V, in the other. Assume a voltage 
gradient for each of 10 v/em at 18° C, so that 
1",/D,=322 and D,/V,=0.0031 for 1.0 N KCI 
solution. The resulting values of A are given in 
table 4 for various crest-trough spacings, a. 

From the results in table 4 it can be seen that a 
nonideal diaphragm will enable appreciable isotope 
separation even though the centers of the regions 
of porosity departure are laterally a fraction of a 
centimeter apart, but, if several centimeters apart, 
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TaBLe 4.— Diaphragms with variations in porosity, 10 v/cm 


arn! Ve atm! Ve 


cm cm 
oOo 0. 02 0. 0047 
17 02 0006, 
65 02 029 
02 12 


02 48 


only when the maximum velocity departure is less 
than about 2 percent of the countervelocity, V,,. 

Case VII. Isothermal Capillary Film.—Consider 
the unobstructed passage formed between 
elongated parallel walls that are closely spaced 
apart a distance 2w, are extremely smooth, and 
strictly parallel. If temperature effects be neg- 
lected, the velocity departure in terms of the 
thickness coordinate will be 


two 


Av= (V,,/2[3(2/w)*?— 1]. 
Equation 22a is applicable to this case and gives 


h= (2/105) V,w?/D+ D/V,, (32) 


a result that is nearly identical to that for the 
capillary tube, case /. 

In practice, the walls should be good heat 
conductors for external cooling, and the inner 
surfaces, at least, should be electrically non- 
conductive. The film will run hot at the mid- 
plane, but the fact that viscosity times conductance 
is not precisely constant will affect the numerical 
coefficient in equation 32 by only a few percent 
and can be disregarded. Calculations for A can 
be based on values of V, and D at 18° C. 

Thermal convection can be used to advantage 
to avoid a breadthwise velocity departure by 
arranging the walls so that length is horizontal 
and breadth vertical. A value of A calculated as 
in case JJ] should be added to eq 32 when a 
breadthwise departure is present. The effective 
diffusion coefficient breadthwise can be found 
from eq 12 and 22a. 

In a second arrangement the film can be con- 
fined by vertical concentric cylinders. In this 
case, one of the cylinders should be rotated to 
avoid circumferential variations in composition 
and temperature. By proper selection of spacing 
the profile would be analogous to figure 2, the 
theory permitting lower values of A than indicated 
by eq 32. 
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IV. Production Conditions 


Economical production of enriched mate 
depends primarily on the values of ¢€ and } 4 
cussed in sections IT and III of RP1765 (2). 4, 
larger the « and the smaller the A, the lesser yj 
be the power requirement per unit rate of pp 
duction. In general, the method is applicable 
though not necessarily more economical thy 
other methods, when ¢ exceeds unity by as lin) 
as 0.1 percent and when h is less than 0.1 ¢ 
In the following discussion a specific example wi 
be worked through for e= 1.0030 and h=0.020 em 

The simplest procedure for continuous prody 
tion is to maintain constant anode composition} 
exchange with an unlimited supply of normal K 
After a build-up period, material enriched in % 
can then be very slowly bled from the cathod 
Another procedure, analogous to continuous fry 
tional distillation, is to feed normal material to 
point intermediate to the ends and to withdny 
from both anode and cathode compartments. |: 
this case the apparatus provides a stripping sw- 
tion yielding material at the anode enriched » 
"K. The enriching section for *K may be treated 
as though an anode were located at the point of 
feed and is thus equivalent to the first procedure 
The following treatment will be focused on the 
*K enrichment. 


1. Build-up Period 


In bringing the cathode to the desired enre:- 
ment, the procedure is to operate at zero sampling 
rate (total reflux) while maintaining at the cathod 
end an exact balance between counterflow of solv- 
tion and K io» migration. Other factors remat- 
ing constant, it follows that the countervelo«t 
must slightly increase as the enrichment increase 
thus the maximum fractional increase in gowg 
from normal abundaace to 100 percent “K would 
be (e—1)/15.2, which is the difference between the 
mean jon velocity of normal K and the ion velocity 
of pure “K. This increase is well within the 
limits of the control and of no actual importance 
However, assuming a uniform normality and é 
precise balance at the cathode, it follows that th 
countervelocity will be too high at the anode e 
by the same fraction. The result is a slight was 
ling out of salt, the voltage gradient increasitg 
slightly toward the anode, and the tube the 
balances itself throughout. More important * 
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ey of increased temperature to increase 
and destroy the balance, but here also 
« throughout the tube is restored by a 
normality of salt and voltage gradient. 
is strictly correct to suppose an exact 
‘an balance for all sections of the tube, but it is 
t correct to assume uniform normality of salt 
cept when temperature effects at the ends of 
» tube may be neglected. 
The velocity balance at any section requires 
L tty = VA (ey 
e not transport of light isotope across any sec- 
yn is (7 Ve; — D’de,/0z or (0) — 02) €)€2/(€; + ¢2) 
dc, /0z mole em~? sec~'. Each factor in the 


going is an average for the cross section, dis- 


+¢o) or 01, — Va=(0,— V2) €2/(C, +2). 


nt z from the anode. 

The exact differential equation governing the 
tal reflux build-up of concentration as a function 
time and distance, and applying to a tube 

bving nonuniform temperatures lengthwise, is 


V2) CyC2/ (Cy + Ce) 


Q(D’de/d2)_ (r 2) — d¢,/Ot. 


de? de (33) 
In a very long packed tube it would be permis- 
ile to neglect temperature nonuniformities at 
e ends. In this case the effective diffusivity, 
' the difference in the velocity of the ionic iso- 
and total concentration, ¢,-+-c, can 
» considered invariant. Equation 33 in terms 
mole fractions then takes the form 


l 
ly 


pes, 0 — U2, 


(34) 


: LN N,/d2 


oN, o2?—* ON, ot, 


L 


hich involves the close approximation / 
IV, =D’ |v. 
Attempts to obtain an exact solution of eq 34 
order to obtain the dependence of N, on distance 
the time the cathode has reached a desired 
ichment have not been successful. This solu- 
on is necessary to obtain the exact preliminary 
oldup of *K and the exact time at which pro- 
uction can be commenced. However, as it would 
pply only to along tube, and since relatively short 
ibes or diaphragms are ample for “K concentra- 
on, this failure is of secondary importance to the 
resent problem. 
Returning to eq 33, which applies to a short 
the length 
‘A of the cathode volume gives 


ibe, integration over equivalent 


Oc; Oz = (Py M2) € C2 D’(e, + C2) — 
(V./AD’) de,/dt,z=1, 


oncentration of Isotopes of Potassium 


showing that the concentration gradient at the 
front of the cathode than its 
maximum possible value at the concentrations 
by the amount (V’./AD’)de,/ot. This fact will be 
considered in the subsequent approximation for 
the build-up time of a short packed tube. 


volume is less 


2. Production Equilibrium 


When the cathode reaches the desired enrich- 
ment, withdrawal is begun at such a rate as to 
maintain the enrichment Thereafter, 
the concentration distribution along the tube 
undergoes a further change until a steady dis- 


constant. 


tribution is reached. 

Let AV, be the departure from the “total 
reflux”’ countervelocity, V,, this departure being 
due to continuous sampling at the cathode at a 
rate holding the cathode enrichment constant. 
When a steady distribution is reached a transport 
balance taken across the tube at distance z from 


’ 


the anode gives for the light component 


(v1, — V.+AV,)e,—D'de,/dz=AV ey com, (36) 


and for the heavy component, 


(vx, — V+ AV ,)e.—D'de,/dz=AVel2-cam, (36a) 
where the c’s and D’ refer to mean values for the 
cross section, and ¢;— ai, Co-cam refer to the moles 
per cubic centimeter of the two components in the 
product. 

Equation 36 is divided by ¢, and eq 36a by ¢», 
the latter is subtracted from the former, and the 


terms arranged to give 


D’ (de, /e,- 


v)—Al a\€2€\~catn 


des/€2) CC. a 
dz ea (37) 
C1€2(P) ~ €1€2—catn) 

To proceed further, the approximation that 
temperature does not depend on z is assumed. 
The normality of salt is invariant and eq 37 can 


be written in terms of mole fractions as 


RhdN, 


d2= Ri) NP + (RG@—1) + 11N Nice’ 


(38) 
1), A=D’V,2D' |r, 
The integral of eq 38 
The result is 


where v, —™m=r(e—1)~V,(e 
and R=V,/AV,—~0./AV,. 
is had by a well-known formula. 


AR, [2% tb—yq  2aNi-enose+ os ‘1 |.) 


Vd 2aN, T b -wvq 2aNn, anoae t vq 
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where a R(e— 1), b= R(e—1) +1, c= —Ni- cam, 
and q=6’—4ac. Equation 39 gives the relation 
between distance from anode, z, and mole fraction 
light, N,, when the distribution has reached a 
steady state after prolonged production at reflux 
ratio, R. 

Example.— Consider the production of material 
having an abundance ratio greater than normal 
by 50 percent; “K/'K=N,/N,=21.3 at the cath- 
ode. Provided sufficient quantities can be pro- 
duced, this enrichment would suffice for many 
purposes such as experiments for tracing potassium 
metabolism. It is desired to know (1) the length 
of packing and reflux ratio for maximum efficiency, 
(2) the efficiency of the yield in grams of total 
enriched potassium per kilowatt-hour, (3) the 
required build-up time under total reflux operation. 

The case chosen is for a bead-packed tube, 1 
em inside diameter with anode abundance main- 
tained normal at 14.2. The cathode volume, 
V’. is 1.0 ml, and the equivalent length of cathode 
volume based on a packing of 38 percent voids is 
3.35 em. The solutior is taken as 1.0 N KCl. 
The temperature, normality, and voltage gradient 
will be assumed invariant with distance for 
purposes of this approximate calculation. The 
applied voltage is chosen to be 10 v/em; the current 
is 0.50 amp and the input is 5.0 w/em (a higher 
input would result in boiling). 

The value of ¢«, based on the consideration of 
section II of RP1765 [2], together with experi- 
mental data reported in other papers of this series, 
is assumed to be 1.003. This is a conservative 
value. 

The value of / is taken to be 0.020 cm, a value 
which appears conservative for the optimum con- 
ditions of operation discussed under case JJ/ of 
section ITT. 

Equation 39, with the above values of ¢ and h, 
is shown plotted in figure 8, for various values of 
R and corresponding lengths of packing,/. The 
RI versus | curve is also shown. 

As seen in figure 8, the minimum packing 
length, /, required to give the assumed enrichment 
is 2.7 em, under total reflux equilibrium, i. e., 
R=o andt=o. The required reflux ratio for a 
packing of infinite length is 114. 

The power requirement is proportional to 
length of packing whereas the production in grams 
of enriched material per unit time is proportional 
to 1/R. Hence, maximum efficiency is had when 
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Rlisa minimum. The Rl versus / curv» of fig, 
6 shows a fairly broad minimum at about 44 » 
for which R=170; these are the values o/ packiy 
length and reflux ratio which will give the », 
efficient yield although the curve shows thy 
considerable latitude is permissible in the directs 
of greater packing length and lower reflux ratiy 


| PACKED TUBE _ 
h= 0.020 
e* 1.0030 

1 (N,/N,)coth=21.3 7 


S 
° 
°o 


MAXIMUM 
EFFICIENCY 


t - 


R (R*27, fee ) 











6 7 8 9 
2-CM (R114, 2s = ) 
Figure 8.—Relation between refiua ratio, R, and lengi) 
packing, l, for fixed cathode enrichment. 


The total potassium arriving at the cathod 
when counterflow is zero is J*/F moles 
where /* is the total current times the transport 
number; the latter in this case is close to (5 
At reflux ratio R, the production is (J*/FR moles 
sec. For the present example the yield 

0.50 * 0.50 


vield == = 1.5 1078 mole of 21.3 K/se« 
eee = 96,500X170 pete eae 


5.5 107° mole of 21.3 K/hr. 


The power input to the 4.6 em-packing 
4.6*5=23 w. By allowing 7 w for electrode 
losses, the power, exclusive of that for the contr 
equipment, is about 0.030 kw. Hence 


yield efficiency = 5.5 & 107°/0.030= 1.8 x 10 
mole of 21.3 K/kwhr=7.2 10~* g of 21.3 K kwh 
The corresponding energy requirement is 14 kwhr¢ 
of 21.3 K. The energy charges against the prod 
tion are thus seen to be quite nominal. 

The solid curve, 1, of figure 9 shows the abu 
dance ratio vs distance from the anode, 
related by equation 39. This is the producti 
equilibrium. Curve 2 is a rough sketch of th 
solution of eq 33 at the time the cathode reach 
the production enrichment; this curve has a slop 
at z=/ that is less than curve 1, as was seen in ¢ 
35. As at the time of curve 2 the build-up is *! 
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The difference between areas A and B of 
gure 9 represents the hold-up of “K yet to be 
ccumulated in the packing after the production 
as begun. This difference is negligible in the 
resent case because of the relatively large hold-up 
t the cathode. In consequence, the approximate 
old-up for both curves 1 and 2 is given closely by 


raphical integration under curve 1. This proce- 


oncentration of Isotopes of Potassium 


in 47 -—4 


dure gives: hold-up of packing plus cathode volume 
equals 2.2 10~° mole of “K in excess of normal 
abundance. 

As the concentration gradient at the anode re- 
mains zero for a large part of the build-up time, it 
is a good approximation to assume the hold-up 
of *K to have been transported at the maximum 
rate I* (NiNo)anoae (€—1)/F moles “K/sec, from 
the anode into the packing. This rate is in 
accordance with eq 9 of section I of RP1765 [2] 
and gives for the present example, 0.50.5 
(14.2/15.2) (1/15.2) 0.003 (96,500 = 4.8 10° 
Hence total-reflux build-up time 


io" 


mole *K/sec. 
2.2 107°/4.8 > 
4.6 10* see. 
l 


3 hr. 
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oncentration of Isotopes of Chlorine by the Counter- 
current Electromigration Method’ 


By Samuel L. Madorsky and Sidney Straus 


The isotope ™Cl was concentrated in the anode compartment of an electromigration 


cell, with NaCl as the electrolyte. 


The operation was regulated by means of a stationary 


boundary between solutions of NaOH and NaCl as the lower and upper liquids, respec- 


tively. 


value of 80.7 percent was obtained in 474 


coefficient, e—1, was 0.207 < 10-?. 


I. Introduction 


Kendall and Crittenden [1]? attempted to 
eparate the isotopes of chlorine by the ionic- 
nigration method. They transported chlorine ions 
a a tube filled with agar-agar through a distance 
f 100 feet by means of a moving bouadary. An 
itomic-weight determination of chlorine in the 
orward section of the gel failed to detect any 
change in the isotope ratio. More recently, a 
ew method [2] based on the principle of counter- 
urrent electromigration, has been developed at 
he National Bureau of Standards for the separa- 
ion of isotopes. The successful application of 
his method to the concentration of “K and 
K [3] from solutions of K,SO, and KCl suggested 
he possibility of concentrating the isotopes of 
method. The present paper 
lescribes some experiments designed to concen- 
rate °C! from a solution of NaCl. 


II. Outline of Problem 


Chlorine appears in nature as a mixture of 
(4 percent “Cl and 24.6 percent “Cl [4]. In an 
can be concentrated in 


hlorine by this 


electromigration cell “C] 
the anode compartment, provided the original 


' rt yl sper will appear in volume 6, division III, of the Manhattan 


nical Series 
bracket indicate the literature references at the end of 


Isotopes of Chlorine 


A concentration of ®Cl from the normal value of 75.76 percent to a maximum 


hours. The maximum initial separation 


isotopic ratio is maintained in the cathode com- 
partment. However, if the chloride ion is allowed 
to react at the anode to form chlorine gas, it will 
escape. This reaction was prevented by inter- 
posing a solution of sodium hydroxide around the 
anode to form a boundary between the chloride 
and hydroxide solutions. 

Sodium chloride in the ratio NaCl: H,O=1:30 
was used as the electrolyte. As the transport 
numbers of Na* and Cl- are approximately 0.40 
and 0.60, respectively, the anode restituent was 
1:18 NaOH, whereas the cathode restituent was 
1:12 HCl. Characteristic properties of the solu- 
tions employed are shown in table 1. As seen 
from this table, 1:18 NaOH has a greater density 
than 1:30 NaCl, and, therefore, the alkali solution 
should be the lower layer, and the salt solution 
should be the upper layer at the anode boundary. 
Such an arrangment is shown in the gooseneck- 
shaped anode compartment in figure 1. 


chlorine electro- 


TaBLe 1.—Solutions employed in the 


migration experiments 


Ratio Concen Density 


4 N t 
solute H,O! tration at 25° ¢ ormality 


Soluts 


Percent 
0. 76 
10. OS 


14.43 








30 NaC! 


BOUNDARY 


Ficure | Diagram of electromigration cell used in the 


chlorine experiments. 


III. Apparatus and Experimental 
Procedure 


The apparatus is shown diagrammatically in 
figure 1 and photographically in figure 2. The 
packing was 2 cm in diameter and 10cm long. It 
of No. 107 ballotini glass beads in 
experiment | and of 60- to 100-mesh Ottawa sand 
The packing supports 


consisted 


in the other experiments. 


Ficure 2.—Electromigration cell assembly showing dropper 


and constant level devices. 
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were No. 40 bead frits. At the anode end 
frit was held in place by means of a sealed-jp 
cross, and at the cathode end it was supported 


means of a screw and a glass rod passing thro 


In experiments 2 and 3. 
similar to those at the ends of the packed coh 


a rubber stopper. 


were also placed in the packing at interyak 
about 3 cm in order to impart greater rigidity 
The wall thickness of 
packed tube was 1 mm. The electrode sectiy 
were supplied with manually controlled dropp 
siphons, and manually controlled overflow ey 
(A and B, fig. 1). The cathode was of the flusy 
type receiving 1:30 NaCl solution in addition 
stoichiometric amount of 1:12 HCl. The a 
trodes were made of platinum gauze, about 
cm? in area. 


the compressed sand. 


The boundary was maintained between |: 
NaCl and 1:18 NaOH as the upper and low 
liquids, respectively, in an annular space, K, 
tween the outer tube and the inside cooler, 
shown in figure 1. The boundary ring had ani 
side diameter of 13 mm, was 1.5 mm wide, 
had a total area of 0.6 em’. 
i. e., the volume of liquid between the bounday 


The anode volum 
and the packing, was about 10 ml. The bounday 
is shown in figure 3. Pertinent data of all t 
experiments are shown in table 2. 


TABLE 2.— Experimental details and results 


Experiment Poten Anod 
No tia 


Packing | volume 


my 
100-mesh ballotini glass heads, 0. 430 
with no intermediste frits 
60- to 100-mesh sand, 3 inter 10 
mediate frits 
do 
6()- to 100-mesh sand, no inter- 


mediate frits 


do 


In filling the cell, 1:18 NaOH solution was! 
poured into the anode compartment to the le 
where the boundary was expected. Sodium ch 
ide solution (1:30) was then poured into 
cathode compartment and allowed to seep throw 
the packing into the anode volume space /: (fig 
Further additions of NaOH solution kept 
junction between the two liquids in the neighbor 
hood where the boundary was desired. After 
cell was filled to the proper levels, the curr 
was turned on and the addition of restituet! 
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f all t) 


Ficure 3.— Details of cathode compartment. 


1, Boundary 


arted. A sharp boundary appeared within a 
Ww minutes, 

The current in all the experiments was about 
Samp and the voltage between the electrodes 
out SU 

The operation was continuous, requiring little 
tention. In the daytime, drop rates were ad- 
sted two to three times, while during nights the 
lis were left without attention. Fluctuations of 
¢ boundary level during off-duty periods were 
nerally within 1 em, but occasionally it would 


he levlfach a maximum of 2 cm. As the cross section 
n chlo“ the annular space, K (fig. 1), was 0.6 cm’, a 
nto | to 2-em variation of the boundary level corre- 
througii™onded to about 5 to 10 percent in anode volume, 
fig , Variations of drop rates were chiefly caused 
ept | changes in room temperature. 


“ighbo-H® The chlorine electromigration cells seemed to 


more sensitive to the pH condition of the 
curr Athod e., to the rate of addition of HCI than 
titueti> the rate of addition of NaOH or NaCl. In 


search™msotopes of Chlorine 


order to control the acid rate more closely, it was 
first fed into a constant overflow cup, @ (fig. 1), 
and from there into the cathode compartment 
H through manually controlled droppers. The 
cells operated best when the cathode overflow 
from B was slightly acid, as was indicated by 
methyl red introduced with the HCI restituent. 
The stoichiometric amounts of HC] and NaOH 
solutions required per ampere hour are 9.4276 and 
13.5902 g, respectively. The actual amount of 
HC! added was slightly in excess of that required 
theoretically. For NaOH an excess of about 20 g 
per ampere hour was used. This excess was by- 
passed through a siphon, as shown in figure 1. 
The amount of cathode flushing restituent, NaCl, 
added was 24 g per ampere hour. The cells under 
normal operation ran slightly alkaline above the 
boundary and through the packing column, as 
was indicated by methyl red fed into the anode 
with the NaOH restituent. 

As a check on the operation of the cells, analyses 
of the anode and cathode overflow liquids, as 
well as of samples drawn from various parts of the 
cell, were made at intervals. Overflow liquid from 
A (fig. 1) and samples drawn from D were analyzed 
for NaOH. Overflow liquid from B was analyzed 
for NaCl and HCl, and samples drawn from C 
were analyzed for NaCl and NaOH. No chlorine 
was found either in cup D or in the anode overflow 


TABLE 3.—Analysis of cell and overflow liquids in experi- 


ments 2 and 3 


Heurs Over- Liquid Overflow from B Liquid in cup ¢ 
fter flow from 
pe from cup D, 


1, 
start | NaOH | NaOH = NaC! HCI NaC! NaOH 


EXPERIMENT 2 


‘ERIMENT 











liquid. As an illustration, analyses for experi- 
ments 2 and 3 are shown in table 3. 

As seen from this table, there was little change 
in the composition of the liquids in the cells 
during operation. 


IV. Mass-Spectrometer Analysis And 
Interpretation of Resulrs 


A sample of liquid weighing about 0.2 g was 
drawn from the anode volume, E, by inserting a 
capillary through a small tube, F (fig. 1). In 
preparing the sample for analysis in the mass 
spectrometer, it was placed through A in leg B 
of the specially designed sampler shown in figure 
4 and evaporated to dryness. About 0.3 to .05 ml 
of concentrated H,SO, was then placed in leg C 
of this sampler, the latter connected to a vacuum 
system through ground-glass joint 2, and highly 
evacuated. Stopeock )) was then closed and the 
sampler removed from the vacuum system. Be- 
fore attaching the sampler to the mass spec- 
trometer by means of £, it was tilted so as to allow 
the H,SO, to flow from leg C into leg B. The 
HCl! formed in the reaction between NaCl and 
H,SO, was then analyzed for the isotopes of 
chlorine. The analyses were carried out in a 
Consolidated mass spectrometer. 
|} Concentration of “Cl in ordinary chlorine was 
measured in five samples of chemically pure NaCl 
as follows: 


Analysis No. BC] 


Percent 
75. 74 
75. 73 
75. 79 
75. 74 
75. 79 


Average 75. 76 


From the above ratio, Ry=N,/N,="Cl/=3.12 
The results are shown in table 4 in terms of 
percentage of “Cl, ratio R,—N,/N, at time t 
and separation factor R,/Ry. Figure 5 shows con- 
centration of “Cl plotted against time in hours. 
The separation coefficient, «, was calculated by 
means of eq 10 of RP1765 {3}. 


VC R,—R, 


I-t(e—1) NN; 
F 1,000 (R, +1)(R,+1)’ 





Ficure 4.—Sample tube used in mass-spectrometer analyy 


of ratio of chlorine isotopes. 








° 100 200 300 

TIME IN HOURS 
Figure 5.—Curves showing increase in percentage of “ 
with time in five similar experiments. 


where 


I~ =negative current=total current / tine 
chlorine transport aumber 7,,, which ! 
this case is 0.6 

‘ =time in seconds 
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Experim 
No 


V node volume 

( iormality of NaCl solution=1.782 

F — Faraday constant. 
The above equation can be written in the fol- 
ving simplified form: 


R,,—3.12 


eee 
«—1=—0.03543 I-t,* R, se 


ere t, is time jn hours. The values for e—1 are 
own in the last column of table 4. 


Concentration of ®Cl and separation coefficient 


Hours Separa- 
after sC "Y™C1_ tion fac- | («—1)10? 
start tor, Ri/ Re 


otopes of Chlorine 


V. Conclusions 


Glass-bead packing did not stand up well 
because of the alkaline nature of the anode, as 
seen from results of experiment 1. Sand, on the 
other hand, stood up well, as shown by the result 
of experiments 2 to 5, inclusive. Inserting fritted 
disks in the packing in experiments 3 and 4 did not 
seem to make any difference, as is evident by 
comparing the results of these experiments with 
those of experiments 4 and 5. Results of all the 
experiments (in case of experiment 1, up to 
150 hr) are in good agreement. At about 400 
hours, the curves (fig. 5) begin to drop. This is 
due to the accumulation at the anode end of the 
packing of silica gel resulting from the action of 
NaOH on the glass. A close examination of 
figure 3 shows a jelly-like mass in front of the anode 
end of the packing. The highest separation was 
obtained in experiment 4, where the concentra- 
tion of “Cl changed from 75.76 to 80.70 percent, 
after 474 hours of operation, representing an 
increase of 4.94 percent. 

The initial e~' for the first 50 to 70 hours varies 
from 0.0115 to 0.0207. There is in every case 
a tapering off of these values with time, due un- 
doubtedly to the accumulation of “C] in the 
packing caused by diffusion and fluctuation of the 
boundary. 


The authors thank V. H. Dibeler and Dorothy 
Thompson for making the mass-spectrometer 
analyses reported in this paper. 
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Normal Coordinate Analysis of the Vibrational 
Frequencies of Ethylene, Propylene, cis-2-Butene, 
trans-2-Butene, and Isobutene’ 


By John E. Kilpatrick? and Kenneth S. Pitzer * 


The secular equations for the vibrations of ethylene, propylene, cis-2-butene, trans-2- 


butene, and isobutene have been derived and have been factored to the greatest possible 


extent. 


for ethylene and deuteroethylene. 


\ potential expression has been fitted to an assignment of vibrational frequencies 


Some of the constants so determined have been used 


in deriving approximate potential expressions for propylene, cis-2-butene, trans-2-butene, 


and isobutene 


With the vibrational frequencies calculated from these potential expressions 


as a guide, frequency assignments have been made for propylene, cis-2-butene, trans-2- 


butene, and isobutene. 


I. Introduction 


This investigation was undertaken to obtain a 
asonably complete understanding of the forces 
wrating around an olefinic double bond, so that 
thermodynamic calculations 
various force constants 


iable statistical 
uld be made. The 
tained will, of course, be of interest in other 
Dnnections. 
The number of internal degrees of freedom in 
molecules of propylene, cis-2-butene, trans- 
butene, and isobutene is so large that a complete 
brational assignment from spectral data alone 
ould be unreliable. The 1-butene molecule 
esents an even more difficult problem because 
the complete lack of symmetry and the presence 
an unbalanced rotation in the molecule. 
A satisfactory assignment is available, however, 
ethylene [1]. A potential expression was 
igetion was performed at the National Bureau of Standards 


work of the American Petroleum Institute Research Project 
lection, analysis and calculation of data on the properties of 
Associate on the American Petroleum Institute Research 
the National Bureau of Standards 

Supervisor on the American Petroleum Institute Research 


essor of Chemistry at the University of California, Berkeley, 


brackets indicate the literature references at the end of the 
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determined that would reproduce the vibrational! 
frequencies of C,H, and C,D,. These constants 
were used, either directly or with reasonable 
modifications, and with the addition of potential 
constants from other molecules, to calculate the 
vibrational frequencies of propylene and the three 
rigid-frame butenes (cis-, trans-, and iso). 

The assignments of many, though of course 
not all, of the vibrational frequencies of these 
molecules were obvious from spectral data alone. 
The uncertain potential (involving 
structural relations not found in either ethylene 
or any of the simple paraffins) were adjusted to 
fit the definitely This 
procedure would not have been satisfactory had 


constants 


assigned frequencies. 
the problem not involved several molecules con- 
taining the same type of bonds. 


II. Derivation of the Secular Equations 


Wilson has devised a very useful system for 
setting up the secular equation for the vibrations 
of a molecule [2]. 
in the calculations of this report. 

The secular equation is derived from the inverse 
of the kinetic-energy matrix (@) and the potential- 
matrix (F). Wilson’s 


This procedure has been used 


energy or force-constant 
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method is particularly well adapted to the use of 
internal coordinates (bond stretchings and angular 
distortions). The physical interpretation of the 
potential constants corresponding to these co- 
ordinates is simple. Furthermore, potential con- 
stants determined for a given structure in one 
molecule are found to hold fairly well in other 
similar molecules. 

For a given internal coordinate R,, a vector S,, 
is defined for each atom t of the molecule, so that 
for an arbitrary displacement p,, 


n 


R, S Si B:. (1 ) 


t=1 


The S,, may be calculated by rules given by 
Wilson. As the direction of S,, is the displace- 
ment of atom ¢, which produces the maximum 
change in R,, the various S,, can usually be 
written down by inspection. 

The elements of G, the inverse kinetic-energy 
matrix, are given by the expression 


n 
— al ~ ‘ 
Gre De Ser Se (2) 


t=] 


where xu, is the reciprocal of the mass of the 
atom f. 

If the coordinates R, are properly chosen with 
respect to the symmetry of the molecule, the 
matrix @ will be factored into a series of blocks 
along its diagonal. The coordinates of each 
block will correspond to vibrations of the same 
symmetry type. The F matrix will be factored 
at least as much as the @ matrix. The coordinates 
that produce this factorization are always linear 
combinations of the individual bond stretchings 
and angular distortions, and are designated by 
the symbol &,, Gand F in terms of &, are given 
the symbols @ and 9. 


Ill. Ethylene 
1. The Secular Equation 


The ethylene molecule has the symmetry of the 
point group V,. This group contains eight ir- 
reducible representations, or symmetry types. 
Application of standard group theoretical methods 
[3, 4] leads to the general conclusions as to the 
symmetry and activity of the 12 vibrations sum- 
marized in table 1. 
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TABLE 1.—Symmetry characteristics of eth 


The coordinates chosen to describe the plang 
motions of this molecule are the increases jn tly 
lengths of the four C—H bonds (d,, d,, d,, ¢, 
the increases of the four C=C—H angles ( 
@%, a, a) and the two H—C—H angles (6,, 3 
and the increase in the length of the C=C bon 
(r). The internal coordinates are numbered ys 
in figure 1, 


(4) 








(3) (2) 


Ficure 1.— Nomenclature of the coordinates used in ethylene 


In order to utilize fully the symmetry of the 
molecule, 11 linear combinations of the interna 
coordinates were formed. A fourth-order syn- 
metry matrix was applied to the d’s and one o! 
the sixth order to the a’s and 8’s. Two of the 
angle combinations are identically zero because 0! 
the geometric relation of the angles around eac! 
carbon atom. There remain nine symmet' 
coordinates, which agrees with the fact that there 
are nine planar vibrations. The symmetry coll 
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ations, each identified with its irreducible The elements of the ¥ matrices are the coefficients 
resentation, are of the potential-energy expression as a quadratic 
}(d,+d,+-d,+d,) (3a) function of the symmetry coordinates. Further- 
more, no choice of potential interaction terms need 
be made until the final expansion of the matrix 
1(d,—do4 d,) (Ze) equations to the secular equations. 
; Gallaway and Barker [1] found the H—C—H 
}(d,—d, +-d,) (3d) angle of C,H, and of C,D, to be 119°55’ +30’. We 
have used the even value of 120°. In the follow- 
hy 6(8, + a, + a+ B+ 03+ a4) =0 (Se) ing equations, wy and ye are the reciprocals of the 
masses of the hydrogen and carbon atoms. ¢ and r 
are the reciprocals of the equilibrium C—H and 


£ 


h(d, tr ds d,) (3b) 


1/6(B; + a, + a2— Boa—a3— ay) =O (3f) 


le Danar Cc c bo engths, respectively 
| | i604 int-e~Sht eta) sa nd lengths, respec tively 
PS IN the +- 03 + ar4) (3g) The © and # matrices for the seven symmetry 
» dy, d, types of vibration in ethylene are given in table 2 


gles (q L(—28, + a,+a,+28;— a, Each matrix is symmetric about the main diagonal 
1 2 2 K e So ’ 

(B,, 3 (a, 4 a, — a) (3h) so only the upper half is written 

ty bon 


nered a) (31) Tasie 2.—Secular matrices for ethylene 
as 


2; Coor 

t } < . . 

ay { 3}) di- @ matrices ¥ matrices 
nates 


' &,,=r (3k) 
If the two 6’s had been ignored and the four a’s ®: bY 3 em : Bu Bu Bi 
mbined with a fourth-order symmetry matrix, x: Cuatin) -V3ec Fo Be 


e same symmetry coordinates would have been 
tained. However, a large a,,a) interaction term 
ould then have been necessary in the potential 2 : by 3 em ] 


Quc ¥ 





pression in order to account for the 8 bending 








(unt 5 me 
ergy. 
The coordinates chosen to describe the out-of- “HV 3 (et4r) nc | 
ane vibrations are the angle of torsion, 4, ep t}(et+4r) 4p 
etween the two CH, groups and the two angles, , 
and y”, between the C=C bond and the Be Rye ae ] 
sectors of the two CH, groups. The proper (unt bm 
ymmetry coordinates are then: ®.:=¢, Aw; , Senn | ( Few] 
Ro=yily’—y”), Bo, (chair, or trans, bending), 
R= yily’' +7"), By, (boat, or cis, bending). a ait al 
The symmetry coordinates were used to set up uw [Punto [ Frothy | 
Pe he inverse kinetic-energy matrices (@) and the = 
y botential-energy matrices (#) for each symmetry The symmetry force constants #,, are related 
ype. The roots d of each equation to the individual valence force constants by means 
of the of a congruent transformation with the same matrix 
_ |\G6F—dA\E =0 (4) that relates the original internal and the sym- 
nage metry coordinates. As the transformation actu- 
one 0! Meld the several vibrational frequencies by means ally used—an orthonormal (symmetry) matrix 


of the Bbf the equation A=4°r*. with two rows altered by the factor \3—is not 
use 0! Such determinantal equations can readily be — jormalized, the following relations must be used: 
| each Miexpanded into the usual secular equations. In R—UR 

metry Matrix notation, the nature of the kinetic coupling be 98) 
there Hof the several symmetry coordinates in each irre- 6=UGU (5b) 
coll Mlucible representation can be seen by inspection. ¥—O0-FU-", (5e) 
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where U’ is the matrix of the transformation of eq 


3, and U is its transpose. 
The elements of # for the planar vibrations 
(symmetry types A,,, By,, Bi,, Bs) are 


¥,, Ken T kom T kems t ken (6a) 


ky at kon kouss kon (6b) 


he 


Keu—kem:+ Kens kon (60) 


Ken kome kom t kon (6d) 


st se 


(H,+-2Hs—Ahas) +hawthasthes (6e) 


(H+2H3—4has) +her—heis—hais (6f) 


‘= 


iH. har T hairs has (6g) 


ie im 


Ha—hew—herther (6h) 


Keo (61) 


bac Qlus (6j) 


‘tte 


laa—2lus (6k) 


laa (61) 


a 


lua (6m) 


‘* fe 


2kuc (6n) 
24 2(1, a L-3) (60) 


Typical coordinates involved in each elementary 


force constant are 
ky H (d,)? hare (at) (a) 
Kee (r)? ass (at; ) (at) 
H. (a,)* has (a, ) (ary) 
Hs, (B,)* has (a) (B;) 


Brees (d,) (dy) loa (r) (ex;) 


kus (d,) (ds) les (r)(B,) 
Kins (d,) (d, lie (d;) (a) 
kuc (d,)(r) lus (d;)(B;) 


The most general quadratic potential for the 
planar vibrations of ethylene therefore contains 
15 constants. All quadratic interactions between 
symmetry coordinates in different representations 
are identically zero. We have resolved the 15 
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constants into linear combinations of 14 ele 
mentary principal and interaction force constans 
Five interactions involving C—H stretching gy 
angular distortion in different ends of the molec} 
have been neglected. They can readily be addp 
by inspection or by means of a matrix operation 
should their consideration ever become necessan 

It is necessary to remember that in mat 
notation two interactions, F;, and F,,;, are count. 
as distinct, though equal in magaitude. The toy 
iateraction is the sum of the two constants. 

If all of the interaction constants are set equa 
to zero the above matrix equations can readily | 
expanded to the set of secular equations given \y 
Herzberg [5]. 

The vibrational assignment of Gallaway an 
Barker [1] was adopted for C,H, and C,D,.  Thew 
data are given in table 3. The bond length 
given by the same authors have been used. They 
are equilibrium C=C bond length, 1.353 A, « 
equilibrium C—H bond length, 1.071 A. 


TABLE 3.—Observed fundamental frequencies and 
symmetry ly pes 


* Calculated from its second harmonic, 1654 cm 
» Calculated from the corresponding C,H, frequency by means 
product rule 


A choice of potential constants for the totally 
symmetric vibrations (type A,,) presents the most 
difficult problem. It is not possible to find rea 
and positive values for #,,;, #22, and #,, (with th 
off-diagonal elements of # set equal to zer, 
which will yield either the three frequencies 
C,H, or of C,D,. On the basis of experience an 
a few trial calculations, it was decided to set ¥ 
and #,; equal to zero and to find values of ¥ 
F.., B,;, and #., that would most accurately yiel 
the six observed A,, frequencies of C,H, and C,)) 

No exact solution is possible even with the mos' 
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otential expression with six constants, 
ved A, frequencies of the two molecules 
isfy the product rule exactly. 

of the above four constants that yielded 
e Ay, C,H, frequencies exactly and that 
the closest approach to the corresponding 


Valu 


ave 
\D, frequencies did so with a total error of 1.5 


ercent 
2. Correction for Anharmonicity 


As the values of # and #,,; were quite sensitive 
, the value of #., assumed, it was decided to 
ttempt to correct the equations for anharmonicity 
» order to make a closer approach to the true 
potential expression. However, the data on over- 
ones and combination tones are far from sufficient 
» permit a complete treatment of anharmonicity. 
‘onsequently, the method proposed by Tchang [6] 
as used. The masses of the hydrogen and deu- 
erium atoms were replaced by effective masses 
ccording to the equations. 
My, = My(1+CMy 

(7b) 


My, = Mp(1+CMp~'”). 


The product-rule quotient is in every case the 


atio of the determinants of the © matrices for 


he symmetry type in question for the two isotopic 
In the case of A,, for C,H, and C,D, 
he equation is simply 


nolecules. 


Mi Mods 

Mz Mars 
vhere the umprimed }’s are for C,H, and those 
rimed for C,D,. 

The value of C=+0.0578 yields values of My 
ind My, which satisfy the product rule. With 
his accomplished, there is a much greater possi- 
ility of finding potential constants consistent with 
frequencies of the two 


(S) 


he six observed Aj, 
nolecules. 

This correction has some theoretical basis in 
that it is just the form derived from the energy- 
devel expression for a diatomic anharmonic oscil- 
ator when only first-order anharmonicity is con- 
idered. In that case, when the potential is given 
by V=1/2kr?4 .» we have 
, 3hb ) (9) 
Sak? M'" : 


(10) 


ar +-br'- 


¢—e,) /h=v 


jr 
224M” ( 


(3hb) /(42rk?”). 


Cs 
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In a polyatomic molecule the significance of C is 
obscure, but it can be interpreted as a sort of 
composite anharmonicity coefficient. 

With the hydrogen and deuterium masses cor- 
rected in this manner for anharmonicity, the force 
constants should be of the zeroth order, but the 
equations should yield the observed frequencies. 


3. Working Units for G and F Matrices 


Before the final results are presented, a con- 
venient numerical transformation will be dis- 
cussed. The secular equations are much easier to 
handle when all the elements are of the order of 
magnitude of unity. To achieve this end, all 
masses are expressed in atomic-weight units and 
bond lengths in angstrom units. Force constants 
(in egs units) are multiplied by the factors in 
table 4. 


TABLE 4.—Conversion factors for force constants, cgs units 


to atomic-weight units 


Type of force constant Factor * 


Principal stretching 

Principal bending 
Stretching-stretching interaction 
Stretching-bending interaction 
Bending-bending interaction 


* Explanation of symbols 


7=1.69765 NolO 
= 1 M074! ° 
iwc le 

N A vogadro’s number 


c=velocity of light 
The roots \ of the secular equation are then 
related to the frequencies of vibration, in wave 


numbers, centimeters~', through the equation 
1000X'”. 11) 


The elements of # in egs units will be designated 
by #,, and in the above-mentioned units by, ¥;,. 


4. Potential Constants for Ethylene 


A preliminary calculation determined that 
«¥5,~1.0. A-series of values in this neighborhood 
were chosen for #,,, and then by means of succes- 
sive approximations the unique values of #,,, 
€F,,., and #,, that would yield the three A), 
frequencies of C,H, were found. The three corres- 
ponding C.D, frequencies were then calculated and 
compared with the observed values. The error in 


each of the three calculated frequencies was 
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plotted against #,,. The three curves intersected 
very nearly at a single point, which lies very 
nearly on the zero error axis. The data are pre- 


sented in table 5. 


Calculation of force constants for the symmetry 
type A,, of ethylene 


TABLE 5. 


Caleulated X's of C.D, 
J 3 . . %. 
Mt 2 Ay 


(a) 1.10 9. 139 5. O7234 2. 31406 0. 95350 
(b) 1.05 9 141 5. OO778 2. 30076 GAUSS 
(ce) 1.00 0. 143 : 5. 06223 2. 28485 v67H0 
(d) 0.99 9.151 55 3 5. 04149 2. 22085 ove70 
fe) 0.80" 

f) 1.081 0. 142 3 5 5. OB S86 2. 20488 . 6270 


5. 06700 2. 20423 236 
1514.9 O81. 2 


Observed A‘s of CoD 
Caleulated 6 of C 2D 2250, 7 
Observed 6 of CoD. 2251 1515 us] 


* No solution 


If the validity of the anharmonicity correction 
is granted, the essentially perfect agreement of 
the six calculated and six observed frequencies 
justifies the use of only four symmetry potential 


constants. 

For the symmetry types B,,, B,,, and B,, the 
off-diagonal symmetry potential constants were 
neglected as they are of the type found negligible 
in A;,. In these cases it was possible to solve 
directly for the two constants in each case that 
would yield the C,H, frequencies exactly. The 
corresponding C,D, frequencies were then cal- 
culated. The agreement with the observed C,D, 
frequencies is fair. When the anharmonicity 
correction from A,, is included the agreement is 
not essentially changed. 

The lack of perfect agreement may be due to 
several causes. The assignments of these 12 
frequencies is not as certain as is the case in A),. 
The off-diagonal potential constants may be too 
important to neglect. The anharmonicity cor- 
rection probably has a different value in each case, 
although it certainly has the same sign as in A,,. 
In all three symmetry types the agreement with 
the product rule was improved by the inclusion 
of the anharmonicity correction with the value 
of C found in A,,. 

Probably a more elaborate treatment of an- 
harmonicity is needed, involving different ap- 
parent masses for the motion of hydrogen atoms 
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in the three different directions (parailel to ; 
CH bond, perpendicular to the bond in the pla 
of the molecule and perpendicular to plane 
the molecule). However, in order to eyalyy 
all of these constants, good assignments for ; 
mixed deuteroethylenes would probably be no 
sary. It was not thought that the problem wa, 
sufficient interest to warrant further atten; 
at the present time. 

In table 6 are presented the elements of 


and F’ determined without correction for 


harmonicity, together with a comparison of ; 
calculated and observed frequencies of (\) 
As has been previously stated, these consta 
give the observed frequencies of C,H, exaci) 
The same information, but with the correctig 
for anharmonicity, is given in table 7. \ 


attempt was made to correct the three out 


plane vibrations for anharmonicity. 


TABLE 6.—Force constants calculated from the frequen 


ethylene without consideration of anharmonicity 


‘omparison of calculated with observed frequencies for deuteroet! 


CyDy ( 
Calculated Obs 
frequency frequ 


Force constants * 


cm 


Ate 8.678 2249. 1 
2.2853 0.924 1508.0 

0.924 15.667 974.4 

8.634 2160.9 
2.1536 1068.8 


[ 
7 


Bae 
2306. 4 


8.429 


1.1041 
Ais [0.590] 
By, [0.339] 


B,, [0.446] 


Ken =8.580 Hota hog =1.584 
ku =0.077 Ho — hog +har= 0.6371 
kun = —.053 Aan = — .0465 
kuyu=0.077 hoy =0.1123 
if hag=hon=0, 
HH, =0.9453 
Hg =0.6371 


Kec= 15.667 
»—leg=0.462 


Fong = 9.590 
Fyo=0.3% 
Fy, =0.054 


* These force constants are expressed in angstrom—-atom 
as previously described. 





dlefin 
roup 


el to : E7 Force constants calculated from the frequencies of The numbering of the various coordinates is 
the ple ith approximate correction for anharmonicity similar to that used for ethylene and is presented 


plan par { calculated with observed frequencies for deuteroethylene] in figure - 


eValuy ‘aie om The symmetry classifications and the selection 
ts for tf Force constants Calculated Observed rules of the three rigid frame butenes are given in 
frequency frequency 

table 11. The two symmetry types that are 

eM Was _ cm! symmetrical with respect to the plane of the 

attentig sal | a carbon skeleton are A, and B, for symmetry C;,, 

104 16. 40 981 and A, and B, for symmetry Cy. Linear com- 

nts of MR , e003 binations of elementary stretchings of bonds and 

1 for a 2 245 107.9 expansions of angles having these symmetries 
were formed for use as symmetry coordinates. 


be Nery 


m of th 2304 


of Cp 0. 8161 The coordinates that were used are the two 
CONST ro os 5 C—H stretchings, the two C—C stretchings, the 

exacty . two C=C—H bendings, the two C=C—C bend- 
‘Orrecth ings, and the C=C stretching. 


teen eer | Hochegthoe= 0000 The 
tnn= —. 079 hars= —. 0600 symmetric and antisymmetric combinations of 
er etiin’ Bg ecaang like pairs of coordinates, written in the numerical 
Koc=16. 40 Ha= 0.9900 order of their index numbers. 

lea= 0. 552 He= 0.6542 


proper symmetry combinations are the 


It was assumed that, as in ethylene, the skeletal 
ny SA: SNE angles are all 120°. The reciprocals of the C=C, 

| oe C—H, and C—C equilibrium bond lengths have 

Some interesting conclusions can be drawn been designated by 7, € and 4, respectively. The 

rom the values of these force constants. The 13 reciprocals of the masses of hydrogen, carbon of a 
nteractions, both for C—H stretching and for methyl group, and carbon from the olefinic group 


ending, are negative but are about the same are denoted by ux, uc, and ue’, respectively. 


pbsolute magnitude as the corresponding 14 (and In the case of isobutene, the reciprocal mass of 
case . stretching’ © interactions dey 
n the case of C—H stretching) and 12 interactions. the carbon of the CH, is denoted by we and that 


of the other olefiaic carbon by ue:. 


IV. Propylene, cis-2-Butene, trans-2- 


The vibrations unsymmetrical to the skeletal 
Butene, and Isobutene 


plane of the molecule are A, and B, for Cy, and 
l. Normal Equations for cis-2-Butene, trans-2- A, and B, for Cy. The coordinates used to 

Butene, and Isobutene describe these motions are analogous to those used 
for ethylene. In the case of cis- and trans- 


As the first step in the formulation of the com- : ; 2 
butene, symmetric and antisymmetric combina- 


lete equations for these molecules, the equations 
for the skeletal models, including the pair of CH, 

lefinic hydrogens, were set up. The methyl tions of the two y bendings (=C against the 
yroups Were considered as point masses. H 


(4) (1) 
H H 


==C 


/ \ 


Cc Cc H Cc 
(3) (2) (3) (3) 
cis-2 - butene trans -2- butene isobutene 


C 2v Can C2, 


Figure 2 Nu mbering of the coordinates for the three butenes. 
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olefinic C=C group) were used. In isobutene the 


two angles were used separately. 

In the early stages of this work, it was hoped 
that a satisfactory analysis could be completed 
without a detailed treatment of the methyl groups. 
It soon became apparent, however, that the 
kinetic coupling between the rocking or wagging 
motions of the methyl groups and the remainder 
of the molecule was great enough that this co- 
ordinate, at least, must be included in the normal 
coordinate analysis. 


The G matrix of the skeleton of a molecule is a 
submatrix of the © matrix for the whole molecule. 
It is not necessary to orient the methyl groups 
that replace single particles so that the symmetry 
of the molecule is unchanged, although such 
might seem to be the case at first sight. 


The additional elements of G from each methyl! 
group are of two kinds (1) those from the eight 
degrees of freedom of each methyl group, and (2) 
those arising from the coupling of methyl and skele- 
tal motions. 

The elements of G arising purely from each 
methyl are the same as those first calculated by 
Wilson for CH,;X. The symmetry classification 


of the vibrations may be changed, however. For 


example, the doubly degenerate (2) vibrations 
usually will separate into different symmetry 
classes. 

Of the eight modes of vibration of a methyl 
group, two are parallel to the methyl axis. These 
are (1) symmetric C—H stretching, (2) symmetric 
CH, deformation. The six remaining modes are 
perpendicular to the methyl axis. hese are a 
mutually perpendicular pair each of (3) unsym- 
metric C—H stretching, (4) unsymmetric CH, 
deformation, and (5) methyl wagging. 

Let a, be the change in an H'CH’ angle, 8, the 
change in an XCH‘ angle, and d,; the change in a 
CH‘ bond. X is the atom to which the methyl 
group is attached. Eight appropriate coordinates 
are then: 


(1) (1/y¥3)(d,+-d,+d,) | 
}parallel to CH, axis. 
| 

(2) (1/v3)(a,+ a+ ay) | 


(3) (1/6) (2d,—d,—d,) 


(4) (1 v6) (2a - Q.— 3) 


(5) (1/¥6)(28,—68.— 8B) , 
. 1— Ba— Bs perpendicular to (} 

a\? " axis. 

(3)’ (1/y2)(d,—d,) 





(4)’ (1/¥2)(a.— ay) | 


(5)’ (1/y2)(B.— Bs) 
The elements of @ from each methyl! group » 
parallel vibrations: 


perpendicular vibrations: 
(3) (4) 


Mut+uc $v2puc ~ y 2(5+4p) uc 


P* (Sun + Suc) 40° un —2p(6+ bp) 
Pn + 316+ 4p)? 

where p is the reciprocal C—H._ bond length and 
the reciprocal C—-X bond length. The factor 
is unity when only one methyl group is attached « 
the atom X. When this is not the case, as in i 
butene, the symmetry S vector for the atom \ 
may have a different length than it does in tly 
above simple case. The factor y is proportional! 
the number of methyl groups attached to atom \ 
and to the square of the relative change in § fn 
its usual value for a single methyl group. 

Coupling terms between two modes of vibrati 
can arise only through an atom, t, which has § 
vectors that are nonperpendicular. Consequent) 
the methyl group can couple with the skelets 
motions only through the methyl carbon or tly 
atom to which the methyl group is attache 
Vector S,, for the methyl carbon is nonzero for: 
eight methyl motions and is parallel or perpend 
lar to the methyl axis, according to the typ 
vibration. For the atom to which the met! 
group is attached, S,, is zero except for the rockitt 
motion of the methyl group. 

The complete matrix equations for these t! 
butenes are given in tables 8, 9, and 10. 
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Norma! Equations for Nonplanar Vibrations of 
Propylene 


Propylene has only one element of symmetry, 
e plane through the three carbon atoms. The 
‘prations therefore fall into only two classes. 
to attempt was made in this research to treat the 
lanar vibrations by means of normal coordinate 
alysis. The high order of the matrix involved 
ould be prohibitively laborious to handle. A 
asonably certain assignment of these frequencies 
ion be made from the spectral data alone. 

The nonplanar frequencies present a somewhat 
sore difficult problem in assignment. Because 


ey are not so numerous as the planar frequencies 


ie normal equations were set up. 

The coordinates used are the same as for the 
utenes. It was not necessary (or desirable) to 
ike some of the symmetry combinations used 
, the butenes and in ethylene in this case, 
owever. 

The nonplanar propylene G matrix (symmetry 
pe A’’) is given in table 8. 


3. Reduction of the Order of Matrix Equations 


The matrix equations which have been derived 
re of an inconveniently high order. Their order 
ay be reduced by the removal of certain relatively 
onstant frequencies. Wilson has shown that 
he C—H (stretching) frequencies may be re- 
moved from the matrix equations by setting their 
wee constants equal to infinity [2]. The G 
matrix is reduced in order by the number of 
thus removed and the remaining 
rms are slightly modified. The modification is 
quivalent to that produced by a partial tri- 
ngularization of the original @ matrix about 
he diagonal terms corresponding to the fre- 
removed. The remaining force con- 
tants are not changed. As can be seen from 
ayleigh’s principle [7], the remaining frequencies 
The increase does not 


requencies 


huencies 


e all slightly increased. 
xceed 2 percent for the frequencies in the range 
000 to 1500 em~' and decreases rapidly for the 
Even this small effect could 
« compensated by a slight decrease in the re- 


wer frequencies. 


maining force constants. 
The above reduction was applied to all of the 
H frequencies and to the CH; 6 frequencies. 
‘he reduced equations therefore apply exactly to 
h hypothetical molecule which can execute all of 
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the usual deformations, with the exceptions (1) 
the C—H bonds are rigid for stretching and (2) 
the methyl groups are rigid units for internal 
deformations. A methyl group may rock, how- 
ever, against the connecting C—C bond. 

This approximation for the methyl 
probably has a larger effect on the remaining 
frequencies than the one for C—H v motions. 
It is known, however, that methyl deformation 
frequencies are remarkably constant, whatever 
the molecule in which they are found. It would 
seem that there is a relatively slight coupling 
between a methyl group and the rest of the 
molecule. In any event, this model is certainly 
better than a simple skeletal model. 

In this way the four © matrices for the three 
rigid frame butenes are reduced from the orders 
10, 9, 5, and 4 to 5, 4, 3, and 2, respectively. 
The matrix for A’’ (out of plane) for propylene 
is reduced in order from 6 to 4. 


group 


4. Direct Assignments From Spectral Data 
(a) Propylene 


The infrared absorption spectrum data used 
in the assignment are from the Shell 
Development Co., Emeryville, Calif. [8] and 
from Wilson and Wells [9]. The Raman spectral 
data are from Ananthakrishnan [10]. The sym- 
metry of propylene is very low, that of the point 
group C,. Consequently all of its vibrational 
frequencies are permitted in both the infrared 
and Raman spectra. 

The assignment of the directly observed fre- 
quencies of propylene of the present work differs 
only in minor details from that of Wilson and 
Wells [9]. No attempt was made to give detailed 
assignments to the C—H stretching vibrations 
modes of almost identical 
frequency. The C—H vy vibrations were assigned 
the conventional values of 3050 cm for the 
three olefinic CH groups and 2950 cm™ for the 
three paraffinic CH Symmetric and 
unsymmetric CH, 6 vibrations were assigned the 
values 1370 em™' and 1444 cm, respectively. 
Some of the other frequencies differ by a few wave 
numbers from the above authors’ assignment, 
due to small differences between the two sets of 


present 


as there are many 


groups. 


infrared data used. 
In-plane (A’) CH, and CH, wagging, which 
Wilson and Wells did not have been 


assign, 
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assigned the frequencies 1172 em~' (JR) and 1042 
em™~' (JR). 


(b) cis-2-Butene 


Gershinowitz and Wilson have reported the 
infrared and Raman spectra of cis-2-butene 
[11] but unfortunately did not determine the state 
of polarization of the latter spectrum. The Shell 
Development Co., Emeryville, Calif., has 
tributed an infrared spectrogram for this sub- 
stance to the catalogue of infrared spectrograms 
of the American Petroleum Institute Research 
Project 44 [8]. These spectral data were used in 
the preliminary assignment for cis-2-butene. 

cis-2-Butene, with the symmetry of the point 
group C,,, has four symmetry types of vibrations. 
The selection rules and the symmetry characteris- 
tics of the vibrations are presented in table 11. 
The approximate form of the separate vibrations 
of each type is given in the complete assignment 
of table 18. 


con- 


TaBLe 11.—Symmetry properties of the vibrations, and the 


selection rules for cis-,* trans-,” and isobutene * 


Characters for the point groups C), and Cy 


Selection rules 





Cys: Infrared active: A;, Bi, By 
Raman active: A;, Az, Bi, Bo. 
(A; polarized; A», B,, and B, depolarized) 


Cu: Infrared active: Ax, By. 
Raman active: A,, By. 
(A, polarized, B, depolarized) 





* Symmetry type C2, 
> Symmetry type Cu. 


The value 2950 cm™' was assigned to the six 
methyl C—H v vibrations and 3050 cm™ to the 
two olefinic C—H vibrations. The value 1450 
em~' was assigned to the four unsymmetrical 
methyl 6 vibrations and 1380 cm™' to the two 
symmetrical methyl 6 motions. These motions 
invariably give rise to frequencies of about these 
magnitudes and are too numerous in this case to 
separate definitely. 
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The strong infrared absorption maximum 
1672 em™ is obviously the C=C v motion. Ty 
three lowest frequencies, 304 em~' (R), 402 en- 
(R), and 583 em™' (JR,R) are undoubtedly ti 
two planar skeletal 6 and the C=C twisting 
motions, respectively. Normal coordinate analysis 
confirmed this assignment, indicating 304 em {y 
A,, 402 for A, and 583 for B, skeletal deformations 
respectively. 

The lines at 876 and 978 cm™ are probably 4 
and B, C—C v frequencies, respectively, The 
CH planar waggings (A, and B,) should lie in ti 
neighborhood of 1300 em and the methy! rocking 
frequencies about 1000 to 1100 em™'. A definiy 
assignment of these latter motioos and of thy 
C—H out-of-plane (A, and B,) motions was pos. 
poned until after the complete normal coordinay 
treatment. 

(c) trans-2-Butene 


Infrared and Raman spectral data from tly 
same two sources as for cis-2-butene were used ) 
the assignment for this molecule. Fortunate) 
Gershinowitz and Wilson have obtained polari- 
tion data for the Raman spectrum. It is therefor 
possible to distinguish certain symmetry types 
Frequencies with the symmetries A, and B, ar 
Raman active, infrared inactive (table 11), wit! 
the former polarized and the latter depolarize 
The other two classes, A, and B,, are active only 
in the infrared. 

The C—H v and CH, 6 vibrations were assign 
as in cis-2-butene. Outside of these two frequen 
ranges there are four polarized Raman lines: 1s 
1309, 870, and 507 em™'. These frequencies 
undoubtedly represent C=C v, C—H wagging 
C—C vy, and skeletal bending, all of symmetry 4 
There remains, therefore, only one vibration 
symmetry A, unassigned, CH, wagging. 

Outside of the C—H v and CH, 6 frequenes 
ranges there are three depolarized Raman line: 
at 1043, 746, and 210 cm~'. The first two mus 
be CH; and CH wagging, respectively, with th 
symmetry B,. The lowest line probably ams: 
from the B, methyl torsional mode of vibratic 
This judgment is confirmed by the fact that 2! 
cm”', symmetry B,, corresponds to a restrictilt 
potential for the methyl groups of about 2,(\' 
cal/mole, in agreement with the value 1," 
cal/mole determined by calorimetric data (! 
The other CH, torsional frequency has the sy 
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etry A and therefore could appear only in the 
nfrared spectrum. 

The strong infrared band centered at 964 cm 
as assigned to A, CH wagging. It would be 
xpected that such an out-of-plane motion would 
ave a large dipole moment and would show 
Q, and R branches. The A, methyl 
ragging frequency selected from the 
yectrum, for no band seems certainly to be due 
» this motion. The other A, frequency, C=C 
wisting, should lie at 250 to 300 em”, 
cording to preliminary rough normal calcula- 
ions. This is below the range of the available 


1 


trong P 
was not 


about 


nfrared data. 

In this molecule B, vibrations appear to exhibit 
double minimum in the infrared absorption 
yectrum. Bands of this nature at 1304 and 1065 
m~' were selected for B, CH wagging and C—C v. 
‘he shoulder, at about 964 cm™', on the strong 
| band at 973 em™', was selected for B, CH; 
The other B, vibration, skeletal bend- 
300 em, 
rhich is below the range of the spectral data. 


vagging 


should have the value of about 


(d) Isobutene 


Infrared spectral data from the Shell Develop- 
ment Co., Emeryville, Calif. [8] and Raman data 
from Kirrmann [12] and Telfair and Pielemeier [12] 
were used in the assignment for isobutene. 

The symmetry of isobutene is the same as that 
and 

The 


various frequencies among the four symmetry 


of cis-2-butene, C), therefore the selection 


rules are the same. classifications of the 
types differ somewhat, however (table 20). 
The C 


cis-2-butene. 


H v and CH, 6 vibrations were assigned 
The with the 
symmetry A, were assigned as follows: The value 
\i}4 em™'(R,R(p)) was assigned to C=C v, the 
vibration 800 em'(UR,R(p)) to C—C vy, 1390 
em IRR (p)) to CH, 6, 1053 em='(/R,R(p)) to 
CH, wagging, and 378 em~'(R) to skeletal defor- 
This accounts for all the A, vibrations 


as in vibrations 


mation 
ind leaves no polarized Raman lines unaccounted 
In the symmetry class B, the assignment is not 
certain as it is in class A,;. The B, 
skeletal deformation is certainly 431 em~'(/R,R).° 
Probably 986 em=! (JR) and 1280 em=' (JR) are 
B C—C vy and unsymmetrical CH, bending, 


quite Aas 


t 


, U. 8. Naval Research Laboratory, reports in a private com 
trong infrared band at 432 +2 em~' 
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respectively. B, CH; wagging is left unassigned 
for the moment. 

The weak unpolarized line in the Raman spec- 
trum at 700 cm™ is likely due to A, C=C twisting. 
A, methyl rocking will be assigned later. 

The very strong infrared band at 888 cm™ is 
probably due to B, CH, wagging, as in the anal- 
ogous cases of cis- and trans-2-butene. No band 
is obviously due to methyl wagging. The probable 
frequency of B, skeletal bending lies below the 
range of the infrared data. There appears to be 
no line in the Raman spectrum from this source. 


5. Potential Constants 
(a) In-Plane Motions 


The value 1.08° was taken for the methyl 
rocking constant, F,, from the work of Stitt [14]. 


A variety of valnes were tried for the C—C v 


constant, Fee, but as one seemed to have no 
decided advantage over another, the value 7.64 
from the work of Wilson and Wells was used in the 
final computations. The C=C v constant, 16.40, 
from the present work on ethylene apparently is 
It was reduced to 15.40 
in order to fit the observed C 


The pattern of bending constants determined 


too high for the butenes. 
C v frequencies. 


for ethylene was used as a guide in estimating the 
bending constants for the butenes. It was not 
practicable to utilize the full set of interaction 
bending constants as was done in the case of 
ethylene. 

In table 12 the in-plane bending constants which 
were used are listed, together with the angle to 
which each corresponds. 


TABLI 12.—IJn-plane bending force constants and the 


associated angles 


Force constant Angle Force constant Angle 


Preliminary calculations showed that Hi. has a 


value about 60 percent greater than H, from 


* The values of the potential constants given in this section are expressed in 
angstrom-atomiec weight units, as previously described 
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ethylene. The following relations were therefore 


assumed: 
Hy =1.6H, (12) 
Hy =1.3Hs; (13) 
Hye =1.6H; (14) 


The interaction between C=C v and C=C—H 6 
was found to be by no means negligible in 
ethylene. In the butenes it was assumed that 
the interaction /ea is 1.3 greater than the value of 
(lea—les) found in ethylene. The value of Js is 
probably much smaller than that of /ca and was 
neglected. 

The # matrices for the in-plane vibrations of 
cis-, trans-, and isobutene are given in table 13. 


TaBLe 13.—Reduced # matrices for the in-plane vibrations 


of cis-, trans-, and isobutene 


cis-2-Butene, A;, and trans-2-Butene, A,* 


F, 
Fex 
Het+Hy Hs’ \ 2c 
Ha'+Hs’ yee’ 
Keox 
Isobutene, A 
F, 
Fee 
Hat2Hs Vile. 
HH.’ +211s" V 2h . 
Kee 


Isobutene, By 


* The B matrices for cis-2-Butene B; and trans-2-Butene By are the same as 
the above matrix without the last column (C=C y 


(b) Out-of-Plane Motions 


The symbo! F,. is used for the potential con- 
stant of torsion between the planes of the groups 
at either end of the olefinic bond. The subscripts 
i and 7 identify the two groups. The subscript 0 is 
used for CH,, 1 for CH(CH;) and 2 for 

C(CHs)>. 

The potential constant for the change in the 
angle between the C=C bond and the plane of the 
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attached group is designated F,,, where i has j 
values 0, 1, and 2 as above. The symbol /, 
used for the interaction constant between the ty 
y angles of a molecule. 

In order to fit the observed out-of-plane { 
quencies it was necessary to include an interactiy 
constant f,, between y, and ¢ out-of-pla 
distortions. 

In a preliminary calculation it was found thy 
F, and f,, have about the same values in propylen 
and the butenes as in ethylene but that F, exhib 
a trend upward with increase in the number 
attached methyl groups. Since the order of |! 
matrices involved is small, it was possible then \ 
make further slight adjustments in order 
improve the fit with the observed frequencies 

The # matrices for the out-of-plane frequencic 
of propylene, cis-, trans-, and isobutene are give: 
symbolically in table 14. 


TABLE 14.—Reduced ¥# matrices for the out-of-plane vibra 
tions of propylene, cis-, trans-, and isobutene 


Propylene 


cis-2-Butene 


B, TF, ] 
y 2hv Fyith 


Fou 


Ay F, 
Fyi—Sy1 
trans-2-Butene 
ic Th ae ge 7 
Fyuithyy y 2fre0 I fev J 
Feu 


n p! 
an Oo! 
and 
ects 
selec 
he pl 
he 

1. 
3 for 
unle 





pre ap 


‘he v 
s of ci 
mstant 
served 
quene 
“| as 
mstani 
The 


quer 


BLE 1} 





Isobutene 
B, a ] ir [F, ] 
Fy fr L Fon 
Fy: 

For and trans-2-butene, F,,—f,, and 
F,,+Jy, were found to have the values 0.37 ané 
0.45, respectively. A value of —0.09 was deter- 
mined for f,, and 1.08 for F,.. 

In isobutene, F,, was set equal to 0.35 in order 
to fit approximately the observed frequency 8 
888 cm". F,, and F,, were made to average thr 
same as F’, from cis- and trans-2-butene. There- 
fore, F,,=0.47. The interaction constant / 
given the same value as in the two preceding 
molecules, 0.04. The torsional constant /,. was 
found to have the value 0.83 by comparison with 
the observed frequency at 700 cm™. 


Cis- 


Wi 
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thas iin propylene, F,, and F, were taken as the 
abol f,, Han of the values of #, from ethylene and of 
0 the tl and F,, in isobutene giving 0.37 and 0.43, 
Giving /,, the usual value of 0.04, 


pective iV. 
0.85 to fit the 580 em™' frequency 


Plane frill selects F 
iteractigithe propylene spectrum. 
t-of-plawiThe increase from F,=0.59 to Foe 0.85 to 
The value of 
3 for F,,. from isobutene seems anomalous, 


unless a pew line is found in the spectrum 


” 


1.08 is reasonably regular. 
und the 
bropyle: 


e exhibire appears to be no alternative. 

umber 

or of ti 6. Calculated Frequencies 

® then | The values calculated for the in-plane frequen- 
order «&. of cis-, trans-, and isobutene from the potential 
neles. Bystants of section 5 (a) are compared with the 
‘quencie@coryed frequencies in table 15. The observed 


re give@ouencies marked with an asterisk (*) were not 
ed as guides in the adjustment of the potential 
ane vibrogg@ustants 

x The 


quencies is given in table 16. 


same comparison for the out-of-plane 


B15 ( om parison of calculated and observed freque n- 


es, in wave numbers, for in-plane vibration 
Cale Cc “- 
wound ree; Observed tlcu Observed 
lated lated 





1 RB, 
1671 1672 1473 1390 
1242 *1267 1099 +1040 
] 2-Buter ‘ Ole *1018 972 O78 
; | 911 S76 Sse 5&1 
, 238 4 
i, Ry 
| 1693 1681 1353 1304 
1342 1309 1070 1065 
f 1080 O74 973 
al 
920 R70 300 
rm” a 47 07 
aete 
i B 
re 
Vv a 1666 1664 1397 1280) 
the 1457 1390 1007 
e 1002 1053 063 US6 
lhere- 776 800 438 431 
w 3s) 378 
os 
eding 
y of cis-2-butene is observed to be considerably higher than 
Wis ilue. The motion, symmetric in-plane skeletal deformation, 
wit! i rather close approach of the two methyl groups. The additional 


y from this source probably accounts for the increase in the 


the simple calculated value 
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TABLE 16.—Comparison of calculated and observed frequen- 
cies, in wave numbers, for out-of-plane vibrations 


. Calcu- ‘aleu- 
Compound a Observed — Observed 
i B 
1049 1028 1046 
cis-2- Butene 951 686 685 
| 401 402 
i. By 
1030 1045 1043 
frans-2-Butene 960 Wh4 746 746 
| 260 
B, i 
1066 GAS 
Isobutern SUT SSS 701 700 


1” 
1049 
O74 990 
Propylene 
929 911 


S80 


7. The Complete Assignments 


The complete vibrational frequency assigaments 
of propylene, cis-, trans-, and isobutene are pre- 
sented in tables 17, 18, 19, and 20. The descrip- 
tions of the motion are only approximate. Each 
mode of vibration actually involves a linear com- 
bination of all the elementary symmetry modes, 
but with one type usually predominating. The 
symbols after each frequency give its origin, 
according to the following scheme: /R for infrared, 
R for Raman, p for polarized, dp for depolarized, 
e for conventional value and * for calculated. 

The two skeletal deformations of trans-2-butene 
were lowered from the calculated values of 260 
and 308 em™' to 240 em! and 290 cm™, respec- 
tively, in order that the restricting potential for 
the rotation of the methyl groups, calculated from 
calorimetric data and the remainder of the above 
assignment, should agree with the barrier to 
methyl rotation calculated from the 210 em™! 
Raman line which in turn agrees with the value 
of the barrier determined for propylene [15]. 
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TaBLe 17.—Vibrational frequency assignment of propylene, 
in wave numbers 


Type of vibration 


‘—H v (ethylenic (3) 3050 ¢ 
*—H v (methyl! (2) 2050 ¢ 

Cv 149 IR,R(p) 

Cy 920 IR,R(p) 
“Hy unsym. 6 144 IRR 1444 IRR 
"Hy sym. 4 1370 ¢ 
"Hy 14415 IR,R(p 
"Hy wagging 142 IR 1050 (* 
“Hy, wagging 1172 IR 911 IR 
‘H wagging 1297 IR,R(p 580 IR,Ridp 
Skeletal 6 417 Rp) 
C =CH, twisting 00 «IR 


TABLE 18,—Vibrational frequency assignment of cis-2-bulene, in wave numbers 
Type of vibration P Ay 2; Rk; 


H v (ethylenic WH ¢ 3250 ¢ 
H v (methyl 20%) ¢ (2) 20950 ¢ 
Cy 1672 RIR 
Cw s76 «IR 978 RAUIR 
“Hy; 6 unsym 4%) ¢ , 145) ¢ 1450 ¢ 
H, 6 sym 13m 138) « 
CH, wagging 1018 4 ( 1040 (*) 104 IR 
CH wagging 1267 R 673 RUIR 1390 RUR 
Skeletal 6 mM R 53 ~=«R 


rasLe 19.—Vibrational frequency assignment of trans-2-butene, in wave numbers 


Type of vibration i, 1. RB, PR. 


H v (ethylenk wm « 
li v (methyl 2000 « 
Cy 1681 Rip 
C y 870 Rip 
Hy, 6 unsym 1450 ¢ 1450 
CH, 6 sym 1380 ¢ 
CH, wagging oa (* ) 1043 
CH wagging 1309 Rip 746 
Skeletal 4 7 Rip 


TABLE 20.— Vibrational frequency assignment of isobutene, in wave numbers 
Type of vibration : Ry By 


H v (ethylenic WH « 

H v (methyl , 20% « 

Cy 14 IR,R(p 

C vy sO = IR,R(p oRe 

6 unsym Ms) ¢ 14%) 

é sym 1380 ¢ 1380 

1390 IR,R(p 

wagging 1053 IR,R(p ) IR 1007 
C He: wagging IR,R(dp) 1280 IR 
Skeletal 4 7 R 7 : i 431 IRR 
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nfrared Absorption Spectra of Seven Cyclopentanes 
and Five Cyclohexanes 


By Earle K. Plyler, Ralph Stair, and Curtis J. Humphreys 


The infrared absorption spectra of seven cyclopentanes and five cyclohexanes have 


been measured in the region from 2 to 15 microns. The substances were cyclopentane, 





methyleyclopentane, 1,1-dimethyleyclopentane, trans-1,2-dimethyleyclopentane, trans-1, 
3-dimethyleyclopentane, cis-1,2-dimethyleyclopentane, and cis, trans, cis-1,2,4-trimethyl- 
eyclopentane, also cyclohexane, methylcyclohexane, 1,1-dimethyleyclohexane, trans-1,2- 
dimethyleyclohexane, and cis-1,2-dimethyleyclohexane. The wavelengths of all the ob- 
served absorption bands are given in a table, and a graph is shown of the percentage trans- 
mission over the wavelength region of each substance. The hydrocarbons were highly 
purified in the Chemistry Division and these spectra will be of value as a check on the purity 
of these compounds which may be obtained from other sources. Also the more intense 
baads serve as a means of identification. For each substance the bands that are best suited 
for distinguishing it are noted. 

Of special interest are the four dimethyleyclopentanes which were studied. The struc- 
tural positions of the substituted methyl groups differ only slightly, but the spectral differ- 
ence is quite marked. The infrared absorption spectra are well suited to show character- 
istic differences between isomers. 

The measurements were made with a Perkin-Elmer spectrometer with a General Motors 
amplifier and Brown recorder. A slit control mechanism is described in detail. Although 
the slit control gear arrangement is relatively simple, the results obtained with it are good. 


The energy output is held nearly constant from 3.5 to 14.5 microns. 


I. Introduction are closely related and which show some interest- 
ing properties. The absorption spectra of 1,1- 
dimethyleyclopentane, cis-1,2-dimethyleyclopen- 
tane, cis, trans, cis-1,2,4-trimethyleyclopentane, 
and 1,1-dimethyleyclohexane have not been pre- 
viously measured. 


In the Bureau’s cooperative research program 
with the American Petroleum Institute, many of 
he constituents of petroleum have been purified 
0a high degree. Various physical and chemical 
roperties of these constituents are being investi- 
ated. The Radiometry Section of the Bureau is II. Method of Measurement 
ontributing to this program by measuring the ; 
nfrared absorption spectra of a number of these A Perkin-Elmer model 12A infrared spectrom- 
“ompounds. This report deals with two series of | eter with an NaCl prism was used as the dis- 
ompounds, eyclopentanes and cyclohexanes, that persing instrument. The prism face is 60 by 75 


nfrared Absorption Spectra 211 











mm and an off-axis mirror of 27 cm focal length is 
used as the collimator. More details about the 
instrument can be found in the article “Small 
prism infrared spectrometry” [1].'. It was found 
that better resolution of the water-vapor band at 
6.264 was obtained when the slits were reduced 
from 0.05 to 0.022 mm. This demonstrated the 
high quality of the optical parts. 

When the instrument was obtained from the 
manufacturer, there was no provision for the 
automatic rotation of the wavelength drum or 
the slit drum. In order to measure the region 
from 2y to 154 continuously, a synchronous motor 
with gear reduction was connected to the wave- 
length drum. The selection of gears made it 
possible to traverse this region of the spectrum in 
45 or 90 minutes. A globar element was used for 
the source, and for a fixed slit width the maximum 
radiation was found to occur in the region of 2y. 
When the drum was set for wavelengths greater 
than 2u, the deflection decreased. In order to 
keep the deflections approximately constant, it 
was necessary to open the slits for longer wave- 
length settings. A graph was plotted of the slit 
widths required to produce constant energy at 
various wavelengths. The relationship is not 
linear, but it was found that three chords closely 
approximated the curve. The aim of constant- 
energy output could almost be attained by open- 
ing the slits with three different constant speeds. 
A synchronous motor was used with gears of such 
ratios that the slits could be opened at the appro- 
priate speeds. Also, a gear shift was installed so 
that the speed could be changed without stopping 
the instrument. 

With this arrangement, the energy curve is of 
about the same height above the zero from 3.5u to 
i4u. There are some regions of the spectrum 
where the energy drops by a few percent. Some- 
what better results could be obtained if, in addi- 
tion to the slit change, the impedance of the out- 
put circuit of the amplifier was varied. Varia- 
tion of the amplifier gain would not be a satisfac- 
tory method of control as the energy of the radiat- 


ing source at 2u is many times greater than the 


energy at l4u. 

Figure 1 shows the slit control mechanism. The 
letters identify the different parts. The gears 
have the following number of teeth: <A, 84; B, 


Numbers in brackets indicate the literature references at the end of this 


paper 
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Figure 1.—-Slit-control mechanism, showing gears 


arrangement, 


24; C, 18 (1-in-length rod); D, 36; EF, 3: 
28 (-in-length rod); G, 24; H, 12; J, 16: J.2 
K, 38; L, 32; M, motor 2 rpm; N, gear shift. Ti 
gears are standard Boston gears and the rod-gear 
have the same size teeth. 

The ordinary operating conditions are the globalas np 
at 50 volts, the General Motors amplifier (2 pare 
gain dial at 2.5, wavelength drum traversed in 4: 
minutes. The slit micrometer is set at 0.019 m 
at 2u. The wavelength drum is operated to 
without engaging the gears. From 3 to 9y, th 
low gear, H, is used. From 9 to 12y, gear /} 
used, and from 12 to 15y, gear J is engaged. Fu 
different scanning speeds, different gear ratios 
would be needed. Other features are to be add 
to the device, such as an automatic stop and a 
reversing gear for the near infrared region 

The thermocouple is in a housing with a KB 
window, and it is kept at pressure below 10™* m 
The pressure is kept low over long periods of tu 
by means of activated charcoal, and pumping 
The therme- 
couple approaches its final output in about 
It is co 


necessary only every 3 or 4 weeks. 


seconds after it is exposed to radiation. 
nected to a General Motors an»plifier that oper 
ates a Brown recorder. A smooth tracing is 0! 
tained when the amplifier is not operated on to 
high gains. Under ordinary operating condition 
1 microvolt produces a full-scale deflection, 
the noise level is less than one-fourth of 1 percet 


of the full seale. 


The thermocouple contains 
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mpensating junction, but this does not com- 


‘ely climinate the drift. The room tempera- 
re is controlled, which is of great help in stabiliz- 


* the thermocouple. No change is observed in 
e zero owing to the opening of the slits, until 
ey become one-half of a millimeter in width. 
»r this and larger openings the zero drift may be 
nsiderable. 
Under average operating conditions the widths 
frequency bands resolved are 16.4 cm™ at 3.0y, 
4cm~ at 6.4, 2.4 cm™ at 1ly, and 3.5 em™ at 
3u. In the region beyond 5y the wavelength of 
arp bands can be repeated to 0.01u. The instru- 
ent is practically free of stray radiation between 
and 12u. At 14.5u the stray radiation produces 
bout 10 percent of the total deflection. 
In the measurement of the absorption of the 
mpounds, two cell thicknesses were used, 0.05 
m and 0.4 mm, the thicker cell being used to 
eck weak bands. Even with the 0.05-mm cell, 
1e absorption was 100 percent in the region of 
4u. As some of the liquids under investigation 
ave high vapor pressures at room temperature, 
is necessary to use an enclosed cell. The cell 
as made by using two plates of rock salt, and 
parating them by a lead shim 0.05 mm in thick- 
ss. In one of the rock-salt plates two holes were 
rilled. This allowed the cell to be filled after it 
as assembled and placed in a metal holder. The 
im was cut out so that the radiation passed 
ough the cell and so that the cell could be filled 
ough the holes in the rock-salt plate. The sam- 
les of the materials were in the liquid state, and 
small amount was drawn from the container 
ito a medicine dropper, from which the liquid 
At the same time 
small tube, connected to the reduced-pressure 
stem, was placed in the other hole of the rock-salt 
late, and the liquid was drawn into the cell, com- 
letely filling it without bubbles. This method 
f filling was used in rinsing out the cell, when 


as slowly passed into the cell. 


hanging from one liquid to another. 

The arbitrary numbers of the wavelength drum 
ere calibrated into wave numbers by observing 
¢ settings corresponding to known lines and 
Lines of cadmium [3] and mer- 
ry |4] were used for the visible and near infrared 
gion. The absorption bands of water vapor [5] 
id carbon dioxide gas [6] occurring as atmosphere 
stituents were used for calibration of the longer 
aveler eths. 


bsorption bands. 


The absorption spectra of ammonia 


frared Absorption Spectra 


gas [7] and methyl alcohol vapor [8] also were 
measured by the use of a gas cell. In this way, a 
fairly large number of calibration points distrib- 
uted throughout the spectrum was obtained. 

The spectrometer is partially enclosed and a 
drying agent is kept in both the prism and source 
compartments. This reduces the water-vapor ab- 
sorption. The complete removal of the water- 
vapor absorption spectrum requires an enclosed 
instrument that may be evacuated or filled with 
dry gas. However, the absorption bands pro- 
duced by water vapor and carbon dioxide serve 
the purpose of a constant check on wavelength 
‘alibration and the resolution of the instrument. 

Figure 2 shows the trace obtained on the Brown 
recorder of the 6.26u absorption band due to water 
vapor in the atmosphere in the region from 44 to 
7u. The upper curve was obtained by using slits 
of 0.05 mm at the shorter wavelength end of the 
spectrum, and opening them with the automatic 
slit drive. The amount of energy in the trans- 
parent regions between the absorption lines is 
about constant, and the absorption curve as 
recorded appears similar to a graph which has the 
percentage transmission plotted as a function of 
wavelength. The lower trace in figure 2 is for the 
water-vapor band with the slits at 0.02 mm at the 
shorter wavelength side. It is readily seen that 
the resolving power has increased with the nar- 








A 














Two traces for the water-vapor band at 6.26 
observed with different slit widths. 


Figure 2. 


213 











rower slits. On each side of the center of the 
band at 6.264 there is seen one line in the upper 
curve of figure 2. In the lower curve each of these 
lines has been separated into two. A comparison 
of other regions of the spectrum will show that 
additional lines have been revealed by the higher 
resolution. 

The percentage transmission for the different 
materials was calculated from the recorded energy 
curve. At first the absorption spectrum of the 
substance was obtained by placing the filled cell 
in front of the entrance slit of the spectrometer. 
The spectrometer drum was connected to the syn- 
chronous motor, and a trace of the region from 2 to 
15u was obtained without removing the cell or 
using the shutter. This curve showed the wave- 
length drum readings of the absorption bands. 
Then a second trace was obtained, and at selected 
points, in the regions between the absorption bands, 
the cell was temporarily removed to obtain full- 
energy values, and similarly, at other convenient 
points, the shutter was inserted to determine the 
zero reading. A line was drawn connecting the 
full-energy values on the trace, and similarly, 
another was drawn connecting the zero readings. 
From these two lines and the energy trace with the 
cell in place, the percentage absorption could be 
calculated for any point in the spectrum. A cor- 
rection was made for the radiation loss due to the 
rock-salt cell windows. In the region of the water- 
vapor bands, the readings for the filled cell were 
compared with values obtained for the atmos- 
pheric absorption without the cell. Weak bands 
may be missed because of overlapping of the water- 
vapor lines. This same type of error is encoun- 
tered in the region of the carbon-dioxide absorp- 
tion bands. This difficulty was partially over- 
come by using thick cells of the liquid being stud- 
ied, thus causing the bands to become much 
stronger. 

All the substances which have been measured 
were obtained from F. D. Rossini of the Chemistry 
Division of the Bureau. They were purified 
under his direction in connection with the Ameri- 
can Petroleum Institute Research Project No. 44. 
The substances studied and the amount of impu- 
rity in each one are given in table 1 [9]. 
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TaBLe 1.—Purity of compounds 

Substance Impuri 

Mole per 
Cyclopentane 00 soe 
Methyleyclopentane 25 , , 
1,1-Dimethyleyclopentane  « . 
trans-1,2-Dimethylcyclopentane a. 2 

cis-1,2- Dimethylcyclopentane (3) . 
trans-1,3-Dimethyleyclopentane %s 4 

cis, trans, cis-1,2,4-Trimethylcyclopentane M4 

Cyclohexane 124 
Methyleyclohexane Baw 
1,1-Dimethyleyclohexane____ 9+ 4 
trans-1,2-Dimethylcyclohexane ®.i¢ 
cis-1,2- Dimethyleyclohexane Ws 


Figure 3 shows the percentage transmission 
cyclopentane. For a cell thickness of 0.05 » 
only four intense bands are observed. Th 
wavelengths of the bands and their frequenc) 
are given in table 2. The coefficients of absorptio 
have not been calculated for these bands. How 
ever, the 12 compounds have been measured wi 
the same cell thickness, and the relative intensity 
of absorption of any band of one compound will 
directly comparable with that of any band of av 
of the other 11 compounds. The band at 3.4yi 
very intense, which arises from the CH stretchiny 
vibrations. As all these materials contain seven 
CH bonds, this band will be intense in ead 
spectrum. The intense absorption at 3.4, | 
made up of several bands. With cells of th 
order of 0.004 mm in thickness the separat 
bands can be observed. The absorption spectrum 
in this region was measured with thin cells fo 
cis, trans, cis-1,2, 4-trimethyleyclopentane, cyck 
hexane, trans-1,2-dimethyleyclohexane and mn 
thyleyclohexane. Each substance shows two 0 
three minima of transmission in the region of 34 
when a cell of effective thickness 0.004 mm was 
used. The thin absorption layers were obtained 
by diluting these two hydrocarbons with CC\, is 
a cell of 0.05 mm in thickness. When the cel 
contained only CCl,, no absorption bands wer 
observed so the entire absorption observed in the 
mixtures containing the hydrocarbons was attn! 
uted to them. The rock-salt prism is not wel 
suited for measurements in this region as \§ 
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Ficure 3. 


With a grating or a lithium 
noride prism the bands could have been observed 
ith better detail. The strong band at 6.86u 
‘ises from the CH bending motion. The intensi- 
sof the 3.4 and 6.864 bands vary from one 
ibstance to the next but the positions remain 
most constant for the cyclopentane and the 
‘clohexane compounds. 

The number of fundamental vibrations for a 
bolecule of n atoms is 3n-6. For cyclopentane 
ere would be 39 fundamental bands. In addi- 
on to these bands there are possibly many combi- 
ition and harmonic bands, so that, the total 
umber of absorption bands could be 200 to 300. 
owever, the observed spectrum does not show 
ich a large number of absorption bands. The 
Pduced number of bands in the observed spectrum 
ay be due to the fact that a number of the bands 
e located in the region beyond 15y and that the 
mmetry properties reduce the number of vibra- 
ons which would be active in the infrared ab- 


ispersion is low. 


rptior 


frared Absorption Spectra 


-6 


Percentage transmission of cyclopentane. 


The structure of the cyclopentane molecule and 
also that of methylcyclopentane are illustrated 
in figure 4. A study of the various chemical and 
physical properties has not yet made it possible 
to decide if all the carbon atoms are in the same 
plane. If they are coplanar, a high degree of 
symmetry would present. When methyl 
groups are substituted for the hydrogen atoms, 
there are a number of new compounds formed. 


be 


If two methyl! groups are substituted on the same 
side of the carbon plane the configuration is called 
By 
substituting methyl groups at various positions of 
the molecule several isomers may be formed. 


cis and if on opposite sides it is called trans. 


A distinguishing feature of the absorption spec- 
trum of cyclopentane is the presence of two intense 
bands at 7.6 and 11.2, that occur in addition to 
the two regions of absorption due to CH vibra- 
tions. When substitutions are made in the cyclo- 
pentane molecule these bands change in position 


and intensity. 
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In table 2 all the bands that have been obser 
for cyclopentane are listed. The low inteys: 
bands occurring in the region from 2 to 5, y 

probably combinations of bands of longer y, 
lengths. Besides the CH vibrations there gp, 
elements in the which 
mental vibrations occurring at wavelengths shor 
= than 5y. 
H The absorption spectrum of methyleyclopenty 
The substitution of a mer! 


molecule have fund 


is shown in figure 5. 
group has considerably changed the spectry 
cyclopentane. 
of 7.264, which arises from the presence of | 
methyl group. Any vibration of a part of | 
molecule is a vibration of the entire molecule 

some groups that are tightly bound together ; 

with good approximation, be considered as separ, 


There is a strong band in the reg 


This appears to be the case with |! 
In the spectrum of other mole 


vibrations. 
CH, group. 
containing the methyl group, an absorption } 
is observed in this region. Also, methyleyelo 
tane does not have strong bands at 7.6 and | 
as in cyclopentane, but has bands at 7.4, 8.8 
and 11.25u4. There are no intense bands betwe 
11.5 and 14.5y. 

In figures’ 6, 7, 
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dimethyleyclopentanes, 1,1-dimethyl- | shows two maxima. In the region between 7.5 and 
1c, cis-1, 2-dimethyleyclopentane, trans- 11.5u there is a considerable difference between the 
lcyelopentane, and trans-1,3-dimethyl- spectra of these four isomers. Any one of the 
The 7.3u band varies very little in group could readily be identified by a study of the 


the I 
sJopent 
(init 


Jopent: ie 
h. but the intensity has increased when spectra in this region. This is a good example of 


with methyleyclopentane. The greater the application of infrared absorption spectra to 
s due to the presence of two methyl the problem of identifying isomers. The wave- 
each molecule. In the case of the 1,1- lengths of the absorption bands of the four di- 
yclopentane the absorption in this region methyleyclopentanes are given in table 20. 
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Figure 6.—Percentage transmission of 1,1-dimethylcyclopentane. 
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Ficure 7 Percentage transmission of cis-1,2-dimethylcyclopentane. 
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\ficrons cm 
4.37 2ONR Microns Microns 
4.59 2179 3.74 10. 17 
85 1460 4.07 57 10. 44 
1318 4. 36 10. 57 
1269 4. 57 11.15 
970 6.85 11, 35 
SU 
trans-1,3-DIMETHY LCYCLOPENTANE 


cis-trans-cis-1,2,4-T RIMETHY L- 
1.1-DIMETHYLCYCLOPENTANE CYCLOPENTANE 


4348 
4202 
4082 
3333 
3195 

15 


St ies ite ibe: iba! 


S=-Ssseeecre 


cis-1,2-DIMETHYLCYCLOPENTANE 


LOHEX 


trans-1,2-DIMETHYLCYCLOPENTANE 





nfrared Absorption Spectra 





TABLE 


9 


W 


Location of infrared absorption bands 


Continued 


ive Pocunen: 


length 


ot 

> 
9 

3 
3 

3 

3 

3 
3 

5 
4 
‘ 
4.5 
4.5 
4: 
4 
4.4 


METHYI 


-1,2-DIME' 


Wave 
length 


Frequency 


CYCLOHEXANE 


Microns 


HYLCY 


4. 80 
Ww 
5. i 

sé 
7.27 


7.33 
7.43 
7. 66 
7.92 
8.01 
8. 57 
9.02 
9.15 
0.43 
9. 6&8 
10. 34 
10. 99 
11.47 
11. 86 
12.76 


12. 96 


LOHEXANE 


7.22 
7.32 
7. 55 
7.70 
7. 80 
7.91 
&. 02 
&. 40 
&. 50 
&. 60 
9.11 
9. 25 
9. 38 
9.74 
10. 15 
10. 39 
10. 67 
10.83 
10. 8&8 
11. 59 
11. 78 


12. 81 


CLOHEXANE 


TABLE 2.—Locaiion of infrared absorption 
Continued 


Wave 
length 


Wave- 


Frequency length 


Freque 


cis-1,2- DIMETHYLCYCLOHEXANE 


Microns ¢ Microns 

4.09 0. 48 
79 

0.04 

22 

SH 

35 

SY 


43 
70 


trans-|,2-DIMETHYLCYCLOHEXANE 


Sh 0 ww 
-cr @ & t 
SESaRRSsS 
a a ee 


The absorption spectrum of cis, trans, cis-|. 
4-trimethyleyclopentane was measured and ‘li 
results are shown in figure 10. The CH vibratio: 
at 3.4u and 6.86u are about the same in locatio 
and intensity as in the other cyclopentanes. Thi 
methyl group has a very strong band at 7.2%: 
The intensity of the band is greater than that 
the dimethyleyclopentanes, but its position is | 
same. From structural relations this trimethy!- 
cyclopentane should have some bands in com 
with trans-1,3-dimethylcyclopentane. Ther 
a band at 13.04 which is present only in these | 
cyclopentanes. An intense band also occurs 
8.684 in the spectrum of both these substances 
In like manner the trimethylceyclopentane spe 
trum and that of trans-1,2-dimethyleyclopent: 
should have some common features. There 
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1.24 and 11.384 in each spectrum. The 
7.78, 8.70, 9.94, and 10.38, in the spec- 
4m of trans-1,2-dimethyleyclopentane are ob- 
ved also in the spectrum of cis, trans, cis-1,2, 
trimethyleyclopentane at approximately the 
ame wavelengths. The other dimethyleyclo- 
.ntanes do not show as close a relation in their 
pectra to the trimethyleyclopentane as the two 


ands a 


ands a 


mmpared here. 

The infrared absorption spectra of five cyclohex- 
nes have been measured. In figure 11 is shown 
ie percentage transmission of cyclohexane. Five 
ntense bands are located at wavelengths greater 
han 7u and are characteristic of this molecule. 
‘hese bands make it possible to readily distin- 
uish eyelohexane from other hydrocarbons. 
lso, there are a large number of low-intensity 
ands in the region from 2 to 6y. This is quite 
jifferent from the spectrum of cyclopentane in 
his region. By the presence of so many active 
nfrared bands, it is likely that there is not a high 
legree of symmetry of this molecule. A struc- 
ural diagram is shown in figure 4 of cyclohexane 


and methyleyclohexane. The dimethyleyclohex- 
anes are formed by substituting the methyl 
groups for the hydrogen atoms at different posi- 
tions of the molecule. Although in the diagram 
the carbon atoms are placed in a plane for sim- 
plicity of representation, the present indications 
from various chemical and physical properties 
point to the carbon atoms not being in a plane but 
in a chair-like arrangement. That is, the carbons 
in positions 1, 2, and 3 form a plane, the carbons 
1, 3, 4, and 6 form another plane, and carbons 4, 
5, and 6, a third plane. As has been mentioned, 
the 30 combination and harmonic bands, observed 
in the near infrared with a cell thickness of 0.05 
mm, indicate an irregular rather than a planar 
arrangement of the carbons. The region from 14 
to 154 was studied with different cell thicknesses 
up to 1 mm and no band was found. Because of 
the decrease in energy due to rock-salt absorption 
and the presence of the carbon-dioxide absorption 
band, the somewhat than at 
shorter wavelengths. A KBr prism was also 
used in the instrument, but no absorption band 


accuracy is less 


Wave Numbers in cm-'! 


2500 


1500 1100 








2000 


—— r\ — 








5.0 5.5 


ransmission 


6.0 6.5 


Wave Length in Microns 


Wave Numbers in cm-' 


7900 





’ 





Vi aa 


COMPOUND 
ct.c- 1,2,4 -TRIME THYL- 


CYCLOPENT ANE 
SOURCE AND PuRity 
NBS STANDARD SAMPLE 
NO 295 


stare 
TEMPERATURE 


LiQquIo 
ROOM 


CELL LENGTH oO5m™M 


LABORATORY 
NATIONAL BUREAU OF 
STANDARDS 
RADIOMETRY SECTION 














10.0 10.5 11.0 11.6 12.0 


12.5 


13.0 13.5 14.0 14.5 15.0 


Wove Length in Microns 


Ficure 10.— Percentage transmission of cis, trans, cis-1,2,4-trimethylc yclo pentane. 
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was found in this region for cyclohexane in the 
liquid or vapor state. Rasmussen [10] found 
evidence for a band near 14.64. In previous 
studies Kettering and Sleator [11] found a strong 
absorption band in this region. The absorption 
band detected by these investigators may have 
been due to an impurity in the compound which 
was studied. However, when the measurements 
were extended to longer wavelengths two bands 
were observed at 19.12 and 21.84. In the vapor 
state the 19.124 absorption band shows a strong 
zero branch. There is some doubt as to the type 
of the band located at 21.84. These curves will 
be shown in another article dealing with the region 
from 15 to 25x. 

In figure 12 the absorption spectrum of methyl- 
cyclohexane is shown. There has been a consider- 
able change from the spectrum of cyclohexane in 
the region at wavelengths greater than 7y. In 
the methyleyclohexane, strong bands are located 
at 9.16, 9.68, 10.36, 11.00, 11.47, and 11.86z. 
The most intense of these bands at 10.36 is not 
present in the spectrum of cyclohexane. 


In figures 13, 14, and 15 are shown the absorp, 
tion spectra of 1,1-dimethyleyclohexane, j),, 
1,2-dimethyleyclohexane, and  cis-1,2-\imethy) 
cyclohexane. In the spectrum of 1,1-\limethy, 
cyclohexane there is a double band at ; 
This may be caused by the interaction betwoy 
the two methyl groups. The double band jy 
much the same appearance as that found in |). 
dimethyleyclopentane and the two minima oecy 
at 7.22 and 7.32y. The average value of they 
bands is 7.274, which is the position of the ban 
of methyleyclohexane. The absorption bands o/ 
cis-1,2-dimethylcyclohexane extend to 13.6%, 
Eleven intense bands exist beyond 7.5y. For ys 
in identification, the two bands at 8.62 and 9.\4, 
are the best suited. The other two dimethy. 
cyclohexanes do not have bands in this region 
The trans-1,2-dimethyleyclohexane has 
intense bands in the region from 10 to 1 
However, it is best identified by the inteny 
bands at 7.97 and 9.04u. These two 
readily distinguish it from the spectra of the other 
cvlohexanes that have been measured. 
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lastic Behavior and Creep of Refractory Bricks Under 
Tensile and Compressive Loads 


By Lewis E. Mong 


Nine brands of firebrick, including two high alumina, four fire clay, two siliceous, and 


one silica, were subjected to creep tests. 


Specimens were cut from 9-inch bricks. 


Creep 


tests, with either tensile or compressive stresses, were made at 11 temperatures from 25° 


to 950° ©, inclusive. 


changes, 


Durations of tests were approximately 240 days. 


independent of stress direction,’ occurred at the lower temperatures. 


Small length 


Lowest 


temperatures at which creep was significant were high alumina, 700° to 850° C; fire clay, 


600° to 700° C 


not be correlated with results with tensile stresses. At 950° C, 


brands showed greatly different capacities to carry load. 


of silica brick. 


the various heat treatments, and resultant changes in moduli are recorded. 


; siliceous and silica, 950° C. 


Creep results with compressive stresses could 


specimens of different 


Repeated heatings caused growth 


Moduli of elasticity at room temperature were determined before and after 


The changes 


were large for silica brick and small for the fire-clay brick. 


I. Introduction 


which firebrick 
deformation or 


The lowest 
xhibit 


temperature at 
appreciable permanent 
reep’ as a result of working stresses maintained 
for long periods of time is of interest in many 
modern uses of refractory materials where a 
lefinite shape must be maintained under load and 
ut elevated temperatures. In interpreting ther- 
mal spalling performance [1],° it is necessary to 
Jetermine the range of temperature over which 
the material remains rigid and is subject to crack- 
ing. It is important also to have a knowledge of 
flow characteristics at the lower temperatures to 


lirection”’ is used in this paper to indicate either tensile or com 

ding 

nition of “creep,”’ from Webster's New International Dictionary 
) undergo permanent deformation from prolonged exposure to 
ratures or stress."" However, “creep” is used in this report to 

deformations caused by combined temperature and stress, 

brackets indicate the literature references at end of this paper 
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determine the amount of stress relief such flow 
might allow [2]. It was the purpose of this 
investigation to provide some information on 
these properties as well as to provide some data 
indicating the stresses that may safely be used in 
tension [3]. 


II. Materials 


Firebrick representing nine brands were sub- 
mitted by eight manufacturers. The laboratory 
identification numbers are identical with those 
assigned the same brands in an earlier report [4]. 
Brick of these brands were selected because their 
compositions represent a wide range in the silica- 
alumina ratio. For convenience, the type of 
brick, the method of manufacture, pyrometric 
cone equivalent, porosity, and the maturing tem- 
perature [5] are given in table 1, together with the 
chemical analysis. 
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TABLE 1. 


Pyro- 
Method | metric 
ofmanu-| cone 
facture! | equiva- 

lent 


Brand l'ype of brick 


High alumina DP 
do DP 
Fire clay DP 
do SM 
do DP 
do HM 
Siliceous SM 
do HM 
Silica HM 


Porosity 


Percent 


Properties of firebrick 


Chemical composition 


Matured 
at cone 
SiO: AlzOs 


Percent Percent Percent 
26.8 14.9 79.3 5 
36.8 55. 
47.8 M4 
42 41 
56. § 37 
58.5 “4 
65. : 2v. 
80.7 

06 


oe = 
- > = 


z 


& 
-—-—-— Pewee 
weenoe @ & 


ty ~ 
BRE | 
eoce est Vw SF 


4 
e 


DP, 8M, and HM refer to dry press, stifl-mud, and handmade, respectively 


III. Specimens and Apparatus 


1. Preparation of Specimens 


Specimens were cut from standard 9-inch 
straight brick as received from the manufacturers. 
Two specimens were obtained from a single brick 
and the dimensions are shown at A in figure 1. 
This type of specimen has been described [4], 
and it was used in this work in all the tests in 
which the material was stressed for extended 
periods. Specimens having such defects as visible 
laminations, unusually large voids, or having ex- 
ceptionally low moduli of elasticity were discarded. 

Only five specimens were used in tests without 
stress. They were l-inch square and 9 inches 
long, and were taken from one brick of brand 17. 

Two pairs of gage marks were placed on each 
specimen, as shown at B in figure 1. One pair 
faced the original edge of the brick and the other 
pair, diametrically opposite faced the original 
middle of the brick. 

The gage marks consisted of Silicon-carbide 
particles, grit No. 180, cemented to the specimen 
with Alundum cement. The silicon carbide and 
cement were mixed with water to a thin creamy 
consistency, and a small drop of the material was 
placed on the specimen. After the drop was 
partially dry, it was washed with single drops of 
water to expose the outlines of several silicon- 
carbide particles. 

The specimens that were stressed in the tests 
were subjected to a preliminary heating and cool- 
ing to mature the cement around the gage marks, 
to relieve residual stresses in the machined speci- 
mens, and to provide a similar cooling treatment 
for all specimens. This heating and cooling (which 
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will be referred to in this paper as preheating 
consisted in raising the temperature of the speci. 
mens to 900° C in an electric furnace in 5 hous 
maintaining this temperature for one-half hou 
and then permitting the specimens to cool wit! 
the furnace. 


2. Apparatus for Modulus of Elasticity Tests 


The modulus of elasticity in tension of the spec- 
mens at room temperature was determined wit! 
the apparatus previously described [4], using 
6-inch gage length. The gage mountings wer 
placed on the specimens so that the Tuckerma: 
gages indicated strains for the same gage lengths 
shown at B in figure 1. 


3. Apparatus for Creep Tests 
(a) Description 


Figure 1 shows a sectional view of the apparatus 
and the assembly of parts used for the testing 
one specimen in compression, and also the as 
sembly of parts for loading a specimen in tensi 
The entire apparatus and furnace for compressi\ 
loading accommodated 10 specimens in a sing! 
furnace, and a similar furnace for tensile loading 
accommodated 7 specimens. However, the spac 
for one test specimen in the compressive apparalts 


rom. 
empe 
Th 
rans} 
) ob 


: “ ml 
was occupied by a reference bar of fused quart: "” 


with gage marks similar to those on the test spe 
mens. An invar bar, marked and measured to 4 
accuracy of +0.00002 in., was used as the rele 
The telescop 


oads 


ence length at room temperature. 
eyepieces were equipped with green filters (Wm 
ten No. 57 A) to avoid loss of contrast resulting 
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Venice SECTION ACROSS APPARATUS, FOR COMPRESSIVE LOADS 


Fieure 1. 


rom light radiated by the specimens at test 
emperatures of 850° C and above. 

The porcelain, refractory, and steel parts 
ransmitting loads to the specimens were finished 
0 obtain a common axis for each assembly. The 
ombination of links and rod to transmit tensile 
oads to the specimen was found to be the best of 
hree different styles because it proved to be the 
nost economical in time and materials to manu- 
acture, and the alinement obtained was most 
atisfactory. 


lemperatures within the furnace were indicated 
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i ——7 


FOR TENSILE LOADS 


Apparatus used for compressive and tensile creep tests. 


by six base-metal thermocouples placed at the 
ends and at the middle of the furnace at heights 
shown in figure 1. One thermocouple in each 
furnace operated a galvanometer that controlled 
the action of a double-throw relay. This in turn 
connected high or low voltages from a tapped 
transformer to the furnace to maintain a constant 
temperature. 


(b) Precision of Measurement 


The error for the determination of the tensile 
modulus of elasticity at room temperature was 
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t2 percent, as previously reported [4]. The scale 

of the micrometer slide could be read to 0.0002 
em. However, errors of the entire gage system, 
such as those caused by the window of the furnace, 
lack of sharp outline of gage marks, loss of con- 
trast at the higher temperatures, temperature 
changes of the telescopes and slide during use, 
and play within the micrometer slide, made it 
impossible to repeat length measurements within 
tolerances less than + 0.001 cm, which was equiva- 
lent to +6 10~° in./in., or to a percentage change 
of +0.006. When the windows were not tightly 
sealed much greater errors were evident. 

The controlled temperature of the furnaces [6] 
varied less than + 3 deg C, but the temperatures indi- 
cated by the six thermocouples differed by as much 
as 9 deg C after the heating units had deteriorated. 
Temperatures at the upper and lower gage-mark 
levels were equalized by a rheostat shunted across 
the upper half of the heating element, but no con- 
trol was available to equalize the temperatures 
along the length of the furnace. 

Pan loads are weighed to the nearest one- 
sixteenth ounce. Lever ratios were obtained by 
calibrating the lever assembly in a testing machine 
Frictional errors of the lever assemblies amounted 
than 0.1 percent. Considerably larger 
errors in the applied load may have resulted from 
the vibration transmitted from the building to 
the apparatus. 


IV. Methods of Testing 
1. Modulus of Elasticity at Room Temperature 


to less 


In determining the modulus of elasticity in 
tension, the specimen load was limited so that the 
maximum strain did not exceed 0.007 percent. 
The modulus of elasticity was obtained for each 
specimen after it had been preheated and again 
after it had been subjected to a creep test. It 
was determined also for some specimens before 
the preheating and for others after various periods 
of storage at room temperature. 

Modulus of elasticity in 
determined for only two specimens of each of 
eight brands, and values were obtained only after 


compression was 
the preheating. 
2. Creep Tests 


Gage lengths were determined after the speci- 
mens were assembled in the furnace and before 
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the specimens were loaded or heati 
Telescope cross hairs were alined on single par. 
ticles of silicon carbide having sharp outlines gyj 
a sketch drawn of each gage mark showing jj 
position of the selected particle. This partic) 
was used in subsequent measurements, 1), 
exact specimen gage length was calculated frop 
the known reference-bar length and the ty 
readings, on the scale of the micrometer slic 
the telescopes were alined » 


Starte 


obtained when 
the reference bar or on the specimen gage marks 
A similar procedure was followed for the gu 
marks diametrically opposite. 

Following the exact determination of the gay, 
lengths, the temperature was raised to the te 
temperature at approximately 40 deg C per br. ay 
after holding this temperature at least 3 hows 
the gage lengths were determined again. Thy 
specimen was then loaded and gage length 
observed immediately and at approximately 
day intervals for the duration of the test. Lastly 
gage lengths were obtained after the removal 
the load at the test temperature and also afte 
cooling the specimen to room _ temperatur 
Some additional length values were taken whi) 
the stressed specimen was at the elevated tem. 
perature if there were indications that the spec: 
men might break in the interim between observs- 
tions. 

Creep tests were made at the following ten- 
peratures (°C): 25, 125, 250, 350, 450, 600, 70 
800, 850, 900, and 950. 

For those tested in tension the stress applic 
to each specimen was 7 107° times the moduli 
of elasticity in tension determined on that par- 
ticular specimen at room temperature, and [or 
those tested in compression, the stress was dou) 
the stress used in the tension test. This sehem 
was followed because it had been found [4] that 
at room temperature, strength is approximat: 
proportional to modulus of elasticity and, there 
fore, the load on each specimen was nearly pr- 
portional to its strength. 

The stress factor‘ of 7 107° was selected be 
cause preliminary tests indicated this value to \ 
the greatest that could be used in tension ! 
brick of all brands without rupture when loade 
at room temperature. Specimens in compress 


‘In this paper, “stress factor”™’ is the ratio of the stress for a 
cTeep test to the tensile modulus of elasticity at room temper 


specimen 
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fail at stresses far greater than 7X 1075 
modulus of elasticity, and, therefore, 
1e factor was doubled to accentuate the creep. 
ther tensile stresses were used in supplementary 
sts at 950° C. 
Specimens were used in more than one creep 
s<t if their moduli of elasticity had not changed 
bore than 7.5 percent when compared to the value 
‘tained following the preheating or if their over- 
length change did not exceed 15 10~° in./in. 
the change was greater than either of these 


mits, the specimen was considered no longer 
presentative of the brand and a new specimen 


as used in the next test. 

Each brand was represented in the creep test 
a given temperature by only one specimen. 

reep testis were repeated only at 450° C in ten- 

on, using a different lot of specimens. 


3. Specimens Without Load 


Lengths of 1-inch-square specimens of brand 17 
ibjected to heating without loading were obtained 
room temperature only. The 
ere made on untreated specimens and again after 
ach heating. The length changes resulting from 
ach heating were calculated in percent and the 


measurements 


umulative changes recorded. 


V. Results and Discussion 


1. Modulus of Elasticity 
(a) Variations Along Width of Brick 


In the determination of the modulus of elas- 
city, the strains indicated by the gage facing the 
rigmnal middle of the brick, and the gage facing 
ic original edge of the brick, were usually different. 
hese total differences, more than 100 percent 
hen based on the average strain for some speci- 
1ens, indicated variation across the section of the 
ecimen in a direction parallel to the width of 
e original brick. 
“soft 


rands 6, 7, 


Larger center strains, indi- 
were found for brick of 
These bricks were manufac- 
ured either by the handmade repressed or the 
iff-mud repressed method. The high-silica hand- 
ade bricks (brands 16 and 17) had larger edge 


ating cores,”’ 


and 15. 


rain, possibly due to deep surface cracks, which 
ere visible on some specimens of brand 16. 

) Variations in Specimens and Changes From Preheating 
Table 2 gives the maximum, minimum, and 


verage values of modulus of elasticity and the 


reep of Refractory Brick 


coefficient of variation® obtained for specimens 
following the preheating. The large ranges of the 
average values for the different brands and the 
range in values for specimens of each brand 
indicated the necessity of adjusting the stresses 
for the creep tests. 


TABLE 2.— Tensile moduli of elasticity of firebrick at room 
temperature after preheating at 900° C for one-half hour, 
and percentage change caused by preheating 


Change caused by 


lus of elasticity after preheating 
Modulus of elasticity after preheating preheating « 


Decrease in 
Num- modulus 
ber of 
speci- 
mens 


Coefti- 


ber of Sas. | Mint-| Aver- cient of 


speci- aan | Varia 
mens | ™@um | mum | age tion 


tested 


Brand No. | Num- 
Stand- 
ard de- 
viation 


1,000 $1,000 Percent Percent 

th/in2 | ibfins 

3,690 | 4, 280 10.9 

2,700 | 2, 

, 130 | 1,915 

650 1,605 

450 320 615 

, 610 705 | (1, 185 

. 065 , 390 | 1,725 
415 175 275 
615 310 435 


* The modulus of elasticity was not determined on all specimens before 
preheating. Therefore, the percentage decrease is given only for those speci- 
mens for which the modulus had been determined both before and after 
preheating. 


Percent 


725 


When the tensile moduli of elasticity were 
obtained both before and after the preheating, 
the change (expressed in percentage of the ori- 
ginal value) was always a reduction, and the 
average values for each brand are given in table 
2. Similar changes were observed by Heindl and 
Pendergast [7]. These changes probably indi- 
cated partial fracture of the specimens, resulting 
in decreased effective cross sections. The high- 
silica bricks (brands 15, 16, and 17) had the largest 
changes, and the remaining brands of brick had 
comparatively small changes. 


(c) Comparison of Elasticity in Tension and in Compression 


At room temperature the modulus in compres- 
sion was greater than the modulus in tension, 
as measured on two specimens from each of eight 
brands. These differences ranged from 3 to 18 
percent and averaged 8 percent. 


’ Manual for interpretation of refractory test data, ASTM Standards on 
Refractory Materials (Feb. 1935 


233 





(d) Changes With Age of Specimens 


The tensile modulus of elasticity of prepared 
specimens changed slightly as the result of storage 
for periods up to 5 years at room temperature. 
The moduli of elasticity of specimens for brand 
17 decreased an average cf 0.8 percent during an 
average storage time of 308 days, possibly because 
of localized expansion and pitting resulting from 
hydration of uncombined lime. The moduli of 
specimens of brands 15 and 16 increased approx- 
imately 5 percent as the result of storage for about 
2 years, whereas those of specimens of the re- 
maining brands increased from 1.3 to 3.4 percent 
for similar aging periods. There was no definite 
relation between storage time and amount of 
change. 

(e) Changes Resulting From Creep Tests 


The changes in modulus of elasticity in tension 
at room temperature resulting from creep tests 
were plotted for single specimens from creep tests 
in compression in figure 2,B and for single speci- 
mens from creep tests in tension in figure 3,B. 

These changes in moduli of elasticity indicated 
a characteristic behavior for brick of each brand. 
The changes in moduli of elasticity resulting from 
creep tests at all test temperatures for specimens 
of brands 15 and 18 were small, although their 
compositions different. The de- 
crease in moduli of elasticity for specimens of 
brand 16 used in creep tests at all test tempera- 
tures, except the test at 950° C in compression, 
The decrease in moduli of specimens 


were widely 


were large. 
of brand 17 used in creep tests at temperatures 
ranging from 125° to 700° C also were large, 
although the moduli of specimens used in the 
range from 800° to 950° C increased. After creep 
tests at temperatures of 125° to 850° C, moderate 
alterations of moduli of elasticity were observed 
for specimens of fire-clay brick; of these the 
specimens for brands 6, 7, and 11 from the com- 
pressive creep tests at 900° and 950° C had notable 
increases in moduli. Alterations in moduli were 
not determined fer specimens of brand 1 from 
creep tests at 900° and 950° C, nor for the speci- 
men of brand 7 from the tensile creep tests at 
950° C, due to breaking or warping of the specimens 
during the tests. However, a specimen of brand 
| tested in tension at 950° C with a stress factor 
of only 110-° had a small increase in modulus 
of elasticity. The high-alumina brick, brand 19, 
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had its greatest reduction in medulus c/ elgst; tf 
at 800° C during both tensile and compres, 
creep tests, but moderate changes occurred duriy 
tests at other temperatures. 

The changes in modulus of elasticity, ploty 
in figures 2,B and 3,B, resulted from the con 
bination of the time, temperature, and stress oy, 
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Figure 2.— Changes effected by creep tects in compres 
The numbers accompanying the curves designate the brand number 
shows the average length chenge occurring per day, during approw= 
240 days, while the specimens were loaded and at the test temper 
indicated. B shows the percentage change in tensile moduli of « 
determined at room temperature before and after the creep test, res 
Moduli of elast 
specimens of brand | were not obtained following tests at 900° and 9 


from a creep test at the indicated temperature 


because the specimens were deformed during the creep tests 


ditions of each These conditionfeither 
should change the moduli only so far as they alle 
the physical texture (crystal and glass phases 

the specimens. For a creep test at a particu Aq ; 


temperature, whether in tension or compressi(! 


creep test. 
everal 


POSILIO 


ests di 
the temperature and time factors are constal\ Hof the 
and, therefore, the stress is the only varia) 
Subtracting the change in modulus that occurre 
during a test in tension from the change in modl“MB eatin, 


arent 


ack 0 
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hat occurred durirg a corresponding test in com- 
ression may supply an indication of the extent 

which the direction of stress either supple- 
vented or hindered the volume changes resulting 
data on textural 


hom textural changes. As 


hanges are not available, the only observation 
bossible at this time is that the changes in moduli 
uring compression were not consistently greater 


r less than those during tension. This applies 
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Figure 3.—Changee effected by creep tests in tension. 


numbers accompanying the curves designate the brand numbers. Data, 
d by triangles, were obtained from duplicate tests. A shows the 

e length change occurring per day, during approximately 240 days, 
specimens were loaded at the test temperature indicated. RB 

the percentage change in tensile modulus of elasticity, determined et 

n temperature before and efter the creep test, resulting from a creep 
t at the indicated temperature. The changes in moduli were not ob- 
specimens that broke during creep tests, and for these specimens 

ree slues are for time intervals as follows: Brand 1 at 900° C broke 
iter 4 days and no creep values were obtained; brand 1 at 90° C broke 
ter 6 days, and the creep per day during the first 3 days was 923X<10~* 
rand 19 at 950° C broke after 35 days, and the creep rate shown applies 
first 5 days; brand 7 at 960° C broke after 123 days, and the creep 


ipplies to the first 05 davs 


‘ither for specimens of one composition at the 
everal test temperatures or for the several com- 
positions at one temperature. 

As the sense of the sustained stress in the creep 
ests did not have a consistent effect on the changes 
the moduli of elasticity, these changes were ap- 
arentiy the result of the heat treatment. The 
ack of similarity of the changes from the pre- 
eating at 900° C (unstressed and heated one-half 
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hour, see table 2) and the changes following the 
creep tests at 900° C (stressed for 240 days, see 
figs. 2,B and 3,B) indicated that the duration of 
the exposure at the high temperature was an im- 
portant factor. Preheating decreased the aver- 
age moduli of the specimens representing all 
brands, whereas the effects of the 
stress and the longer exposure at 900° C in the 
creep tests increased the moduli of brand 17, 


combined 


both when subjected to tensile stress and to com- 
pressive stress, and of brands 6, 7, 11, and 15 


when subjected to compressive stress. 


2. Length Changes 
(a) Length Changes and Time 


Graphs of length changes and time for the dura- 
tion of a creep test are plotted in figure 4. The 
graphs for the specimens of brands 7 and 17 tested 
at 900° C only are given. Results from compres- 
sive tests are shown at A and (' and from tensile 
tests at Band D. Corresponding graphs for all of 
the specimens tested were similar. 

The thermal-expansion values of several speci- 
mens of a given brand were seldom in agreement. 
These differences, for example, ranged from 0.02 
to 0.065 percent at 950° C for specimens of those 
brands having a total thermal expansion of approx- 
imately 0.6 percent between 25° and 950° C. 
Also, irregular curves were obtained when the 
total thermal-expansion values from the several 
creep tests were plotted against the test tempera- 
tures. This was true whether the data were ob- 
tained with one specimen, or with more than one 
specimen. 

The thermal-expansion and thermal-contraction 
values for any one specimen were rarely equal, 
and for all specimens the contraction ranged from 
0.075 percent greater to 0.085 percent less than the 
expansion. 

Deformations observed during the 15 minutes 
following the application or removal of the load 
were considered as primarily elastic. As the creep 
tests probably altered the specimens, the elastic 
deformations resulting from loading and from un- 
loading were not necessarily equal. 

Figure 4 shows marked differences in the creep 
(m), or change in length during the time loads 
were applied, for brands 7 and 17. The curve for 
the specimen of brand 7 in compression illustrated 
the type of curves [8, 9, 10] associated with brands 
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of brick having comparatively large creep rates (b) Creep and Test Temperature 
during loading at constant temperature. For Graphs obtained by plotting test temperajy 
bricks of this type the rate of creep is large during and the creep per day, with compressive stp. 
the first 20 to 40 days and considerably smaller equal to 14 10~° times the tensile modulys , 
and practically constant for the remainder of the elasticity at room temperature of the specime, 
240 days. Graphs showing little total creep, are shown in figure 2,A. Figure 3,4  shoy 
only a few times the precision of measurement, similar graphs when tensile stresses equal 

were obtained for specimens of most of the brands 7<10-° times the tensile modulus of elasticity » 
of brick, as illustrated by results for brand 17. each specimen were used. Each point on |) 
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Ficure 4. Length changes occurring during the course of compressive and tensile creep tests 
at 900° C for two brands of firebrick. 


k, Thermal expansion resulting from heating from room temperature to the test temperature; /, the elastic deforma 
tion at 900° C due to loading; m, total creep occurring during stressing and heating at 900° C; n, elastic deformation due to 
removal of load; o, thermal contraction resulting from cooling from the test temperature to room temperature; and p, over 
all length change 


Values of total creep and over-all length change, curves represents data from a single speci 
for the same specimen and test temperature, were Data from tests in tension at room temperatu! 
rarely equal. The over-all change included not at 125° and 250° C are not reported. The follow- 
only creep but also differences between thermal ing discussion applies to both figures 2,A and 3.4 
expansion and contraction and between elastic Indicated changes in length, which average 
deformations caused by loading and unloading. less than 0.00016 percent per day, probably resu 

The durations of the various creep tests were from internal changes in the specimen becaus 
about 240 days, as shown in figure 4, but were not for a given temperature, they may be either 
identical, and therefore the creep per day was cal- —_— creases or decreases regardless of the direction 
culated (total creep divided by loading time in the applied stress. The presence of these change 
days), and the results are plotted in figures 2,A — when larger than the precision of measureme!! 
and 3,A. obscured a determination of the minimum tempe" 
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ture at which the length changes may be assigned figure 5 with respect to stress factor. The curves 





bofinitely to ereep caused by the applied stress indicate an enormous difference in the reaction of 
re stream) 1]. However, it is obvious that the curves in the specimens of different brands to different 
dulvs gicure 2,A for specimens of brands 1 and 7 indi- stresses. 
Decimey fate some creep at test temperatures as low as 930 
L showikoo? C. whereas for specimens of brands 16 and 
qual W7. creep was not definite below 950° C. 
ticity ff Specimens of brand | had the greatest rate of 


reep under compressive stress at 950° C and rup- 
yred while under tensile stress. An examination 
f the properties of this brand (table 1) indicates 
t to be unique in that it contained over | percent 
f P.O, and had the lowest porosity. Its pyro- 
netric cone equivalent (pce) was 34, yet specimens 
or brand 1 had 85 times as much creep asspeci- 
nens for brand 16, which had a pee of 29-30. 
pecimens for fire-clay bricks, brands 1, 6, 7, and 
i, all had large creep values at 950° C. Speci- 
nens for bricks containing the higher percentages 
f silica (brands 15, 16, and 17) had small creep 
alues. Specimens for the 55-percent-alumina 
wick, brand 18, also had small creep values, 
robably because the predominant phase twas 
nullite. However, specimens for the 80-percent- 
lumina brick, brand 19, in which the predominant 
hase was corundum, had moderate creep values 
it 950° C. Brick of both brands contained an 
intermediate amount of glassy bond. 
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Compressive stresses, although twice the tensile 
Figure 5.—Creep at 950° C with respect to tensile-stress 


stresses, caused approximately the same creep as : 
Jactor. 


he tensile stresses for specimens for brands 15, 
6, ond 17 6 G0" O". ee ee Oe ee Se eae aes 
: tensile modulus of elasticity rhe numbers accompanying the curves 
pecimens for brands é and ll had creep values designate the brand numbers. The number of days of loading included 
for compressive tests about twice the values for om See SRS OS ae Sn ae Sop ee Ss See Oe ae ee 
; P specimens that broke. Creep rates were not determined for the specimen 
nsile tests, even though the specimen of brand of brand 1 that broke after 14 days, and specimens of brand 19 that broke 
broke in the te sla _ we 19° awe 4 after one-half hour and after 14 days. Two specimens, not indicated, of 
. pee F nsili . test afte r 123 day S of lond brand 17 tested with stress factors equal to 17.5X10~— and 25X10- broke 
ng. The tensile specimen of brand 19 had a creep within one-half minute 
value about five times larger than the compressive 
ecimen in the tests at 950° C. Specimens of 
rand | had an extreme difference in tensile and 
‘ompressive creep, the tensile value (before the 
pecimen broke) being approximately 13 times the 
ompressive value at 950° C. This weakness in 
tension of specimens of both brands 1 and 19 at 
vo0" © was indicated by breakage during the 
nsile cree sts (aoe lece ] . i 
ensile creep tests (see | gend to fig. 3). (e) Comparative Stresses for Equal Creep Rates at 950° C 


Variations between specimens of brand 19 were 
shown by decreases in time before breakage as the 
stress factor was reduced from 7 107° to 3.75 
10-°. Also, variation in specimens of brand 7 was 
shown by a greater creep rate for a stress factor 
equal to 5.25 107° than for a factor equal to 


7X<1075. 


(¢) Creep at 950° C and Tensile-Stress Factor For the purpose of evaluating the brands of 
Rates of creep in tension at 950° C, obtained brick, “comparative stresses’’ causing equal creep 
prom tests with single specimens, are plotted in rates in tension at 950° C were calculated. The 
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comparative stress is the product of the stress 
factor causing a creep rate of 110~° per day 
(obtained from the curves in fig. 5), and the aver- 
The stress factors and 
As the 


comparative stresses are derived from results from 


age modulus of elasticity. 
comparative stresses are given in table 3. 


one specimen and large errors may result from the 
method of calculation, the values given in table 3 
for some brands may be 300 percent or more in 
error. For comparison, the minimum tensile 
strengths of specimens broken in the tests, or the 
maximum stresses used for specimens that did not 
break, are given in table 3, column 4. 


Stress factors and comparative stresses causing 
day, and -trengths of 


TABLE 3. 
creep rates equal to 1> 
firebrick at 950° C 


10~-* (in./in.) 


in tension 


Time 

loaded 

before 
breaking 


Tensile 
strength 


Com para- 
Stress 
tr 22 
Brand facter tive 
Stress 


46 hr 
42 days 


63 days 
b6 min 


raken from curves in figure 5 for a creep rate of 1X10-* 
Product of stress factor and average modulus of elasticity 
Minimum specimen stress causing breakage at 950° C 
‘ Maximum specimen stress used in tests at 950° C: specimen not broken 


after 240 days 


These comparative stresses indicated great 
differences in the load-bearing capacities of the 
specimens of different Specimens of 
brand 15 were superior because they had the 


brands. 


highest comparative stress, resulting from a low 
creep rate at a relatively high stress, and also 
because they had the highest tensile strength. 
Specimens of brands 16 and 17, having high silica 
content, had moderate comparative stresses be- 
cause of low strength, even through their resist- 
ance to creep at a relatively low stress was high. 
However, for specimens of these brands the com- 
parative stresses are such a large fraction of the 
tensile strengths as to leave little provision for 
temporary overloads. Specimens of the fire-clay 
bricks, brands 1, 7, and 11, had comparatively 
small comparative stresses and their strengths fell 
in the same range with the strengths of the speci- 
mens of the high-silica brick. Specimens of the 
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high-alumina brick, brand 19, had an int ormedig;, 
comparative stress resulting from their large erp, ’ 
rate, but they had a large reserve in strength, 


(f) Growths and Shrinkages Other Than Creep 


If the creep were the only permanent chang 
occurring during a creep-test cycle, then p wou) 
be equal to m (fig. 4). However, thermal eXpu- 
sion (k) and contraction (0), and elastic deform. 
tion following loading (/) and elastic deformatiy, 
following unloading (n), were not equal. Ti 
difference between m and p is a measure of thes 
combined inequalities. This difference may resi 
in either growth or shrinkage. 

The growths were largest for specimens of silic 
brick, brand 17 [12]. As creep was negligible fy 
this brick, any over-all change in the length betwee 
the gage marks was attributed 
shrinkage. These over-all changes, plotted i 
figure 6,A, were appreciable even for the test 
125° C, in compression, and greatest for the ter- 
sile test at 700° C. Growths for these partic, 
spe¢imens were considerably greater than growths 
for compressive tests at all temperatures excep! 
450° C. 

The characteristic texture and mineral! compo- 
sition of silica brick [13] may account for thes 
comparatively large over-all changes, which ar 
associated with decreases in modulus of elastic: 
for tests at and below 700° C. Sintering « 
decomposition of partially rehydrated, uneom- 
bined lime may be factors in the limited over- 
changes and increases in modulus of elasticity ! 
tests at and above 800° C. 

To determine the extent 
unstressed specimens during repeated heat tr 


to growth 


of the growth 


ments, five 1l-inch-square specimens from ( 
brick of brand 17 were included in the er 
furnaces for the tests indicated in figures 6,B ax 
C. Excepting the pronounced effect of ‘he firs' 
heat treatments (specimens 2 and 5, fig. 63 
and 4, fig. 6,C, at 350° C; and 
fig. 6,B, and 3, fig. 6,C, ai 600° ¢ 
have sufficient similarity to indicate that they « 
real and reproducible. The cumulative growths 
resulting from the series of heat treatments ' 
these five specimens range from 0.231 to 0.2 


specimens 
), the curves 


‘ 


percent. 

Creep specimens of the remaining brands bh 
much smaller growths, or shrinkages, than 
found for brand 17. Specimens of the hig! 
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Be creep creep tests at 700°C only. The fire-clay silica as the result of either tensile or compressive 
igth. ricks had little tendency to grow or shrink. For creep tests at and below 700° C. For brick con- 
rands 15 and 16 the over-all length-change taining 96 percent of silica and a majority of the 
. ives were somewhat similar to those for brand _fire-clay bricks, increases in tensile moduli at 
t changf@- but the changes were less than half as large. room temperature resulted from compressive 
P woul creep tests at and above 800° C. 
VI. Summary of Results I 
1 expen. Small changes in length were found at test 
leforma. The changes in moduli of elasticity in tension of temperatures of 450° C and lower, but the changes 
TMationf/reheated specimens as the result of storage at did not depend on the direction of the stress and 
tl. Thellloom temperature for periods as long as 5 years were attributed to internal adjustments of the 
Of thesfi-ore small. These changes fell in the range from specimens. Deformations were small also at all 
LY resulfM/ bout 1-percent decrease in moduli to 5-percent test temperatures for specimens of two brands 
berease. The changes were not proportional to of siliceous, one silica, and one high-alumina brick. 
of silic , Large deformations were obtained at test tem- 
rible for ai , 
+22 a P 
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Figure 6.—-Over-all, or net, length change of silica brick observed after heating from room tem- 
perature to indicated test temperature, maintaining test temperature approximately 240 days 
and cooling lo room temperature. 


Solid circles show values for specimens treated in the furnace for compressive tests; open circles show values for specimens 
treated in the furnace for tension tests. All values in figures A, B and C for a given temperature and furnace apply 


to specimens tested simultaneously i, Over-all length changes for preheated specimens used in creep tests. Each 
point is for a new specimen; B, over-all length changes for three unstressed specimens heated at progressively higher 
temperatures after having teen preheated et 900° C for one-half hour. The triangles indicate the length changes 
resulting from this preheating; C, over-all length changes for two unstressed specimens heated at progressively higher 


temperatures. The specimens had not teen preheated 


The average tensile moduli of elasticity at room 
temperature of the different brands ranged from 
275,000 to 4,280,000 psi, with coefficients of 
variation ranging from 2.5 to 64.3 percent. 
Indications of variations within individual speci- 
mens were noted. 

At room temperature the compressive moduli of 
elasticity of preheated but not creep-tested speci- 
mens averaged 8 percent greater than the tensile 
modu! 

At room temperature significant reductions 
cecurred in the tensile moduli of elasticity of 
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peratures from 850° to 950° C for fire-clay bricks 
and a high-alumina brick containing 80 percent 
of alumina. 

Creep values for specimens tested in compres- 
sion were not proportional to creep values for 
specimens tested in tension. 

The stress that would produce a 1 x10~° 
(in./in.)/ day tensile creep at 950° C ranged from 
3 psi for a fire-clay brick containing 48 percent of 
SiQ, to 120 psi for one containing 65 percent of 
SiQ). 

Unstressed specimens of silica brick showed 
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growths as large as 0.27 percent resulting from 
repeated heatings at several temperatures without 
load. 
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Surface Tensions of Some Optical Glasses 


By Leo Shartsis and Alden W. Smock 


The surface tension of a number of optical glasses made at the National Bureau 
of Standards was measured by a modification of the anchor-ring method. At 1,300° C, the 
values for the flint glasses were in the range 210 to 230 dynes/em; those for the barium- 
crown glasses were 260 to 310; the other types of glasses had intermediate values. Most 
of the glasses had positive temperature coefficients of surface tension. The surface-tension 
values increased with increasing periods of time that the glasses were maintained at elevated 
temperatures immediately prior to measurement. Positive rank correlation coefficients of 
statistical significance were found between seed quality of optical glasses and such factors 


as surface tension, pot attack, and amount of gas liberated during the melting process. 


I. Introduction gases in glass as the temperature is lowered. As 
the surface tension of the glass acts to decrease 
the size of the bubble, the volume becomes smaller 
as the opposing gas pressure becomes less. The 
pressure on a bubble, due to surface tension, is 


For all optical elements, freedom from bubbles, 
known technically as seeds, is desirable, and for 


some elements, such as reticles, bubble-free glass 


is absolutely essential to secure satisfactory per- : 2 ; 
. given by the expression 2¢/r, where o is the surface 


tension, and r is the radius of the bubble [1] '. 
Therefore, as the bubble contracts, the pressure 
due to surface tension increases until it is balanced 


formance. As bubbles have a glass-gas interface, 
t seems reasonable to suppose that the surface 
tension of the glass has a bearing on the stability 
of the bubble, although it is believed the exact 
effect of surface tension on the elimination of seeds 
has not been completely explained. 

Bubbles in molten glass may be eliminated either 
by their rising to the surface and being expelled 


by the gas pressure, which also increases as the 
bubble shrinks. This brings into play the increase 
ir gas solubility normally associated with increas- 
ing pressure. The net effect is that bubbles below 
. ; a certain critical size are reabsorbed as the glass is 
or by being absorbed as the glass is cooled. The cote 

cooled. This phenomenon has been noted by 
practical glassmakers when taking samples. The 
sample while hot may show many small seeds that 


absorption of a bubble in a cooling gless is facili- 
tated by several mechanisms, which at constant 


volume would lower the gas pressure inside the ' : om 
disappear upon cooling. Thus, as concerns re- 


bubble. Among these may be mentioned (1) the , 
: absorption of small seeds, high surface tension, 


norma! lowering in pressure of a gas with decrease ' ons 
age when accompanied by an increased gas solubility 

li temperature, (2) the lowering in pressure caused . - 
as the glass is cooled, is a favorable factor. 


bv condensation of certain constituents, such as . = . age 
For the elimination of bubbles by rising to the 


volatilized alkali, lead oxide, ete., (3) absorption 

ol gases, such as CO, and SO, by the condensed 

1 sa . ¥ ~ i nn Figures in brackets indicate the literature references listed at the end of 
alkali, and (4) the normal increase in solubility of this paper 
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surface, low surface tension would seem to be 
favorable, since, other things being equal and for 
a given amount of gas in a bubble, the glass with 
the lower surface tension will have the larger 
bubble. As, according to Stokes’ law, the rate 
of rise varies as the square of the radius of the 
bubble, this effect is important. The influence of 
viscosity on the elimination of bubbles has not 
been included in this discussion because this prop- 
erty, in contrast to surface tension, changes 
markedly with temperature and thus may be 
controlled almost at will. 

An experimental approach to the study of the 
effect of surface tension on the fning rate, 1. e., 
the rate of removal of bubbles by rising to the 
surface, was attempted by A. A. Appen [2], who 
used sirups of different surface tensions but of the 
same viscosity. He found a positive correlation 
between fining time and surface tension, i. e., the 
sirups with higher surface tension took longer to 
fine. 


II. Experimental Method and Calculations 


The pull-on-cylinder method, used by Harrison 
and Moore [3], was adopted tentatively as the 
most convenient for measuring the surface tension 
of glasses. In this method the pull is measured 
on a hollow vertical cylinder whose lower edge is 
kept at the level of the undisturbed surface of the 
test liquid. In working with optical glasses, 
however, this method was not entirely successful, 
apparently because some of these glasses do not 
com pletely wet the evlinder. 

The second method tried involved the maxi- 
mum pull-on-cylinder principle used by Babcock 
[4]. In this method the maximum pull is meas- 
ured on a hollow vertical cylinder, the bottom 
edge of which is in contact with the molten glass. 
For accurate results with this method, a correction 
was applied that involves the density of the glass 
at the temperature of test. A high accuracy for the 
density value, however, is not necessary because 
the correction term usually amounts to only 
about 3 to 5 percent of the total surface tension 
value. The developed by 
Verschaffelt [1] was used in the present investiga- 


following equation 


tion: 


hl} 6 , 
VRIVAR 


F I . 
2 8284 +0.609: 
m ier| | _— 





hs og7i Ale 

VR RAR} 

surface tension 
‘=maximum extra force 
mean radius of evlinder 
P 

wR’ pg 

p=density of glass 

26= thickness of cylinder wall. 


2.585 


easure 
In mi 
lass we 


For purposes of computation, the expression F 4,2 
is equivalent to Wax (g/4eR), where W,,,, is the 
maximum weight observed, and g is the agev9l. 
eration of gravity. Then, as R 
temperature, a table of g/4nR was set up for 
different temperatures. 

Periodic measurements of the diameter of «| 


nto th 


Varies with eated t 


x 


srg. 


platinum cvlinder showed that it increased wi 
use. In the early experiments the value { 
g/4eR was 60.66 at 1,300° C, and this slow 
changed to 60.25 in the later experiments 

The densities of some of the glasses at hiy 
temperatures had been measured previously by t) 
use of a platinum volumenometer. These dats 
were used to deduce densities for related glasses 
In general, it was found sufficiently accurate 
compute the correction term for any glass at o 
temperature only, and then to apply this cor. 
rection to the measurements at other tempen- 
tures. 


Ill. Apparatus and Procedure 


Figure 1 shows in diagrammatic form the ap- 


paratus used. An ordinary analytical bala 


was used to measure the pull on the cylinder. 1 
counteract the effect of the strong damping actio 
that the viscous glass exerted, the balance was 
equipped with a sensitive optical lever. 1! 
light beam from a galvanometer lamp was direct’ 
toward a small front-surface mirror mounted 
the center of the balance beam. The reflect 
beam was focused on a scale at a distance 


then v 
above 
approximately 30 inches from the mirror. Thi perted 
scale was viewed by means of @ small teleseo ae 
mounted near the balance. 

The vertical-tube furnace was wound with ‘ 
percent platinum-20 percent rhodium resistal 
wire. A small auxiliary heater, separately co 
trolled, was situated at the bottom of the furne 
and an Alundum disk, directly above this heat 
constituted the floor of the furnace. A_nobl 
metal thermocouple projected through a hole |! 


T)- 
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d wit 


slow y 


t hig! 


byt 


lasses 


ate 


of the furnace floor and came almost in 
ntact with the platinum dish, 3-in. in diameter, 
hich held the molten glass. Two additional 
wrmocouples were inserted through holes in the 


ye cent 


plit plug that capped the furnace. One of these 


hermocouples was connected to a potentiometer 
ontroller that maintained the temperature of the 


wrnace Within +5 deg C while surface tension 
easurements were being made. 

In making a determination, several lumps of 
lass were placed in the dish and lowered gradually 
nto the furnace, which had previously been 


eated to 700° or 800° C. 
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Figure 1.—Schematic diagram of surface-tenzion apparatus. 


then was lowered into a position some distance 
above the glass and the furnace plugs were in- 
verted. Next, the temperature was increased to 


1,300" C, and the auxiliary heater current was 
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The platinum cylinder 


adjusted so that the spread in temperature indi- 
cated by the upper and lower thermocouples was 
within 5 deg C. The cylinder was then weighed, 
after which the furnace was until the 
bottom edge of the cylinder made contact with 
the glass. The moment at which contact was 
made was clearly indicated by the instantaneous 
damping of the chain vibration. 

After contact was established, weights some- 


raised 


what less than that necessary to balance the down- 
ward force exerted by the glass were placed on 
the weight pan and the balance beam released. 
By turning the handwheel of the adjustable stand, 
the furnace was then lowered several millimeters 
to allow for the stretching of the glass adhering 
to the cylinder. More weights were slowly added 
and the furnace position lowered further as the 
glass continued to stretch, the aim being to have 
the balance pointer near the scale zero at the 
As this 
was approached, weights were added in 


time the maximum force was attained. 
point 
l1-mg steps, sufficient time being allowed for equilib- 
rium to be The response of the 
balance became more pronounced as the end point 


established. 


approached, until, upon the addition of an excess 
milligram, the balance pointer moved relatively 
rapidly without coming to equilibrium, indicating 
that the glass was incapable of supporting the 
additional weight. This maximum force was re- 
measured frequently by reestablishing contact 
and observing the maximum weight the 
Measurements 


glass 
could support indefinitely. were 
made at 100-deg-C intervals of decreasing tem- 
perature until the glass was too viscous to yield in 
a reasonable time, and the path retraced until 
1,300° C was again reached. 

Data and Discussion 


IV. 


Table 1 gives the chemical composition, as com- 
puted from the batch materials, of the optical 
The data 


obtained on surface tension are given in table 2. 


glasses studied in this investigation. 





TABLE 1.—Compostions of glasses, computed from batch 


[F=flint, BaC =barium crown, LC =light crown, BaF = barium flint, BSC = borosilicate crown. CF crown flint] 


Component oxides weight percent 
Other ox 


PbO BaO ByOy, Na,O K,O ZnO 


F 5725/42.2 5820 
F 5795/40.9 6993 
F 605/37.9 4194 
F 617/36.6 HOM4 
F 620/36.2 6m4) 
F 649/33.8 6934 
F 666/324 6037 
F 6725/32.2 4316 
F 720/20.3 6860 
F 


P 750/27 .7 6397 


BaC 541/59.8 6990 
BaC 5725/57.4 6822 


AlOs 3.0 

AleOy 2.9; CaO 4.5 
AbnO. 4.9 

BeO 4.2: ¢ aO 3.5; ZrO 2 


BaC 611/588 6680 
BaC 617/55.0 6908 
BaC 620/60.0 6495 


BaF 584/46.0 404 
BaF 588/53.4 4848 
BaF 604/43.5 M11 


ZrOe 1.5 


BSC 511/43.5 6292 
BSC 517/64.5 6a29 


BSC 536/645 “471 BeO 2.0; SrO 10.0: 1 


LC 5125/40.5 6931 ‘a0 2.2 
a7 ° 5 . f “a0 2.9 


LC 5145/50.5 5767 

LC 523/584 6910 ‘aO 9.4; C107 
CF 5295/51.6 1280 
N BS Standard Sample SO« 

N BS Standard San ple S¥s 


a0 4.65; MgO 3.23 


* Standard Sample values are from chemical analyses. 





TABLE 2 


Surface tension of some optical glasses 


Surface tension (dynes/em 


Reheating 
Observe 1,200°C 1,100°C 


1,100°C 1200°C 
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1. Positive Temperature Coefficients 


The large number of positive temperature 
coefficients of surface tension for these glasses may 
appear unusual and therefore worthy of special 
note. A search of the literature shows a number 
of examples of positive temperature coefficients 
of glasses, as well as of other systems. Thus, 
Badger [5] reported positive temperature coeffi- 
cients for three glasses measured by the use of a 
maximum bubble pressure method. Bradley [6}, 
using a sessile drop method, found a_ positive 
temperature coefficient for vitreous B,O, in the 
range 300° to 500° C. Appen [2] measured the 
surface tensions of the PbO-SiO, and Na,O-PbO- 
SiO, series by a modified drop-weight method, 
and found that all these glasses, containing more 
than about 3 percent of PbO, had positive co- 
efficients. He also measured the effect of addi- 
tions of various oxides to a base glass of mole 
composition Na,O.2SiO, and found that all addi- 
tions, which lowered the surface tension markedly, 
vielded glasses that had either positive or less 
negative coefficients than that of the base glass. 
Thus there is evidence furnished by four different 
methods on glasses of widely differing compositions 
as to the existence of positive temperature 
coefficients. 

Freundlich [7] gives examples of positive tem- 
perature coefficients of surface tension for systems 
other than glasses. For instance, concentrated 
aniline or phenol solutions in water show positive 
coefficients in certain temperature ranges. Meth- 
viene cyanide and elementary sulphur also exhibit 
this behavior. According to Freundlich, the 
surface layer in these systems contains a com- 
ponent or molecular species that tends to lower 
the surface tension. As the temperature is raised 


this molecular species becomes more soluble in 
the main body of the liquid and is withdrawn 
from the surface, thereby raising the surface 


tension. 

Tables 1 and 2 reveal that in general the optical 
glasses that are low in either silica or alkalies or 
both have positive temperature coefficients. The 
flint glasses, which have relatively high percentages 
of PbO, necessarily have low percentages of 
silica, alkalies, or both, but the mere presence of 
PbO to the extent of even 10 percent is not 
sufficient to cause a positive coefficient, as evi- 
denced by the example of CF 5295. On the 
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other hand, BaC 611, 617, and 620, as wy 
BSC 540, show positive coefficients altho, 
these glasses contain little or no PbO. 


2. Reproducibility 


Inspection of table 2 shows that the aye 
difference between two observers is less thy) 
dyne/em. In cases where duplicate deter, 
tions were made by the same observer, the ayer 
difference was also less than 0.8 dyne/cm 


3. Effect of Duration of Treatment at High 
Temperatures 


In order to attain a high degree of reprody 
bility, observers must duplicate the time-ig 
perature curve because the surface tension yy 
obtained on a glass seems to be a function of: 
time the glass is maintained at elevated temp 
tures. For example, nearly all the values obta 
in the second part of the schedule, designa 
“reheating,” are higher than the earlier ya 
Bradley [6], reported that heating NBS Stand: 
Sample 89 (lead-barium glass) at 1,500° C fo 
hours raised the surface tension, as measured |y 
bubble pressure method, 2 dynes/em. This 
dicates that the effect of time at elevated t 
peratures in raising the surface tension of glass 
not confined to the maximum pull-on-cyli 
method. 

A study was made of the effect of time at 
vated temperatures on Standard Samples 80. § 
and 92. Figure 2 shows the results obtain 
Standard Samples 80 and 92 exhibited a slow: 
in surface tension followed by a leveling off al 
22 and 44 hours, respectively. Sample 89 show 
a continuous increase in surface tension up to 
hours, when the test was discontinued. 


4. Comparison With Other Observers 


Both Badger [5], and Bradley [6], have report 
surface tension measurements made by the us 
a maximum-bubble pressure method, and tl 
are compared in table 3 with the values obtau 
here. In general, the values obtained in | 
investigation are lower. However, considem 
differences in time-temperature schedule and | 
different methods used, the agreement ma) 
considered satisfactory. 
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laste 3.—-Comparison of surface tension values 


Observers 
n-evlir 
femper 
ature Shartsis 
and Badger 
Smock 


BS Standard Sample 
Br adley 


Dynes/cm Dynesicm Dynes'em 

e glass afi a 207 wy2 304 

slow I ’, lead-hbarium glass » 241+ 245 245 
off aft wren glass ¢ 4 209 305 


) show 
23 hours at 1,350° ¢ 


up to 


rising after 04 hours at 1,350° ¢ 
| 40 hours at 1,400° C 


The surface tension of B,O, in the range 700° to 
400° C was measured and a plot of these data is 
own in figure 3. A straight line was fitted to the 
ta by means of least squares, and values of 58.2 
300° C, and 65.3 at 500° C, were deduced from 
he extrapolation of this line. The corresponding 
ilues reported by Bradley [6], using a sessile drop 


ers 


repor 4 


nd thes 
obtaine 

in U 
bethod, were 57 and 67 dynes/em. This agree- 
bent is well within the reproducibility of the sessile 
rop me thod. 
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Figure 3.—Surface tension versus temperature of ByQs. 


Points in cireles by maximum pull-on cylinder method, crosses by Bradley, 
who used a sessile drop method, 


5. Relation Between Seed Quality, Surface 
Tension, and Other Factors 


To investigate the possible relation between 
surface tension and seed quality, which was one 
of the aims of this study, an analysis was made of 
the records of some 2,500 melts produced at the 
optical glass plant of the National Bureau of 
Standards. The system in use was for inspectors 
to rate the quality of the optical glass with respect 
to several properties, seed quality being one of 
the properties considered. Excellent melts were 
rated A, good ones B, fair ones C, poor ones D, 
and very poor ones E. The letters were converted 
to numbers by assigning the number 1 to A pots, 
2 to B pots, ete. These numbers were then aver- 
aged for all the melts of a given glass and are to be 
found in the second column of table 4. Ratings 
for the corrosiveness of the various glasses toward 
the pots used in their manufacture were deduced 
from the data of Parsons {8}. 
liberated in the melting process was calculated 


The volume of gas 


from the batch components in cubic feet per pot 
of glass at 0° C and 760-mm pressure. The vola- 
tilization of batch materials, other than CQ,, 
NO,, O,, and H,O vapor, was not considered. 


‘ 





Taste 4.—Ranking of optical glass with respect to seeds, 


surface tension, pot attack and gas-in batch 


Rank Gas 
Num- Seed in Rank* com- Rank 
ber of | rat seed in pot | puted in 
pots ing | qual- attack) per gas 
ity pot 


Glass 


F 605/37.9 

F 666/324 

F 649/33.8 
BaF 604/43.5 
BSC 511/63.5 
F 5795/40.9 

F 620/36.2 

F 617/36.6 
BaF 584/46.0 
BSC 517/4.5 
F 6725/32.2 
BaC 541/50.8 
BaC 5725/57.4 
F 720/29.3 
LC 523/58.6 
BaC 617/55.0 
BaF 588/53.4 
BaC 611/38 





* Ranks estimated by W 


graphic examinations of pots 


H. Parsons, based on his experience with petro 


Rank correlation coefficients of +0.62, +0.61, 
and +0.51, were obtained by computation for 
seed quality versus surface tension, pot attack and 
gas-in-batch, respectively. These values are large 
enough to be statistically indicative [9]. Figures 
4, 5, and 6, show the departure of the individual 
points from the 45-degree line, which represents 
perfect rank correlation. A remarkably 
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Figure 4.—Rank in seed quality versus rank in surface 


tension. 


248 





° 
° 
Correlation Coethicient +06) 


° 
° 


° 
° 





L = a 1 
6 @ @© @ & 
Rank ir7 seed guality 





L 4 
e ££ ¢€ 


Figure 5.—Rank in seed quality versus rank in pot a 


rank correlation of +-0.82 was found between «: 
in-batch and surface tension, as 
figure 7. 

Attention is called to the weakness of som: 


illustrated 


the data upon which these correlations are bas 
and caution is advised in their full accepta 


The inspectors’ ratings were affected by the factor 


that influence subjective ratings, personal tempe 
The data 
Parsons were based, for the most part, on | 
that failed in service by leaking. 


ament, demand for the glass, ete. 
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Ficure 6.—Rank in seed quality versus rank in 


gas in batch. 
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To substantiate these correlations, more and 
ter data are necessary. Quantitative values 
-pot attack might be obtained by using tracers 
orporated in the pot body. The effect of dif- 
ont amounts and kinds of gas might be investi- 
ted by varying the batch components used in 
aking a glass of a certain composition. A 
bantitative system of seed ratings with cross 
ecking by different inspectors should improve 
e objectivity of these estimates. 
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Rank in surface tension versus rank in gas in 
batch. 


Many of the favorable factors that have a bear- 
gon seed quality occur together, and so do many 
f the unfavorable ones, thus making difficult the 
timation of the exact contribution of each to the 
nal result. Thus, in general, the barium crowns 
ww high pot corrosion, have high surface ten- 
ons, and liberate large amounts of gas during 
On the other hand, the flint 
lasses usually have low surface 
rrosiveness, and liberate small amounts of gas 
hen melting down. The 
‘nce of like factors stems from the chemical com- 


1 melting process. 


tensions, low 


simultaneous occur- 


urface Tension of Optical Glasses 


When exceptions to the rule that like 
factors occur together arise, the effect of the ex- 
ceptional property can be noted. Thus, by ref- 
erence to table 4, one can see that F 720 is poor 
for seeds, which may probably be explained by its 
ability to corrode the pot to a far greater extent 
than the other flints. 

In addition to the factors already mentioned, it 
is known that a poor melting schedule or faulty 
furnace conditions may also cause seeds in glasses. 
It is possible that the good quality of BaF 604, 
which seems unexpected because of its high cor- 
rosiveness and only moderate surface tension and 


position. 


gas content, is to be ascribed to an exceptionally 
good melting schedule. This theory could be 
tested by melting the other barium flints on a 
similar schedule with whatever changes are 
necessary because of differences in viscosity or 
fining time. The chief advantages of the data and 
correlations advanced here ‘are in the indications 
as to the possible lines of attack in disentangling 
the factors operative in determining the seed 
quality of the optical glasses. 


V. Summary 


The surface tensions of a number of the optical 
glasses made at the National Bureau of Standards 
have been measured by a modification of the 
anchor-ring method. The values found seemed 
to be affected by the length of time the glasses 
were maintained at elevated temperatures immedi- 
ately prior to measurement. Most of the glasses, 
especially those containing considerable amounts 
of PbO, were found to have positive temperature 
coefficients of surface tension. Positive rank 
correlations of statistical significance were found 
between seed quality and such factors as surface 
tension, pot attack, and amount of gas liberated 
during the melting process. In general, the flints 
rank low in surface tension, with values in the 
range 210 to 230 dynes/em, the barium crowns 
high, with values around 260 to 310 dynes/cm, 
and the other glasses intermediate 
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aminar Boundary-Layer Oscillations and Transition on 
a Flat Plate’ 


By Galen B. Schubauer and Harold K. Skramstad 


This is an account of an investigation conducted at the National Bureau of Standards, 
with the cooperation and financial assistance of the National Advisory Committee for 
Aeronauties, in which oscillations were discovered in the laminar boundary layer along a 
flat plate. These osciliations were found during the course of an experiment in which transi- 
tion from laminar to turbulent flow was being studied on the plate as the turbulence in the 
wind stream was being reduced to unusually low values by means of damping screens. The 
first part of the paper deals with experimental methods and apparatus, measurements of 
turbulence and sound, and studies of transition. A description is then given of the manner 
in which oscillations were discovered and how they were found to be related to transition, 
and then how controlled oscillations were produced and studied in detail. The oscillations 
are shown to be the velocity variations accompanying a wave motion in the boundary 
layer, this wave motion having all of the characteristics predicted by a stability theory 
based on the exponential growth of small disturbances. <A review of this theory is given. 
The work is thus experimental confirmation of a mathematical theory of stability which 
had been in the process of development for a period of approximately 40 vears, mainly by 


German investigators. 


I. Introduction sulting from an unstable condition. The nature 

of this instability and the fundamental causes of 
When any fluid flows past solid boundaries, the tramsttion te turbulent Gow have been the subject 
luid near the surface is retarded by friction.  4f many investigations, and theory and experi- 
his retarded layer is known as the boundary ment have not been in agreement. The present 
ayer. While there are many kinds of boundary experiment was undertaken to learn more about 
ayers, the two main classes are laminar layers and this controversial subject. One of the simplest 
irbulent layers. In the vast majority of cases cases was selected for the investigation, namely, 
f practical interest, a laminar layer will be present the boundary layer on a thin flat plate with air 
m the upstream portion of a body while a tur- flowing parallel te the curface. When the pres- 
uulent layer will be found on the after part of a sure is uniform. the laminar boundary layer on 
ody. Although a turbulent layer may cover the ‘hes 
rreater part of a body, the laminar layer may be 
egarded as the more natural one, because it must 1. Symbols and abbreviations 
Xist by virtue of the Viscosity of the fluid. <A 
lurbulent layer is always formed from a laminar 


ayer through a break-down of laminar flow re- 
one mean velocity outside boundary layer 
was originally published by the National Advisory Committe« 4 <4 . ~ 
sin April 1943 as an Advance Confidential Report rhe ma 
ntly been released for unrestricted publication. The introduc instantaneous r-component of fluctuation 


revised somewhat for the benefit of readers not familiar with ° 
er flow. velocity 


such a surface is known as the Blasius type. 


distance from leading edge of flat plate 
distance from surface of flat plate 


mean velocity at a point in boundary layer 
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instantaneous y-component of fluctuation 
velocity 

instantaneous fluctuation velocity perpen- 
dicular to Uy and parallel to surface of flat 
plate 


root-mean-square values of u, vr, and w 


wave velocity 
2rf, where f=oscillation frequency 
2x/d, where \=wavelength 
amplification coefficient 
density 
viscosity 
u/p=kinematic viscosity 
dynamic pressure 
boundary-layer thickness 
boundary-layer displacement thickness 
1.724/7> for Blasius velocity distribu- 
Vi . 
tion 
5° =0.341 6 relation used by Tollmien and 
Schlichting [2, 4, and 5] 
(',d°/v= Reynolds number 
U r/v=2-Reynolds number 
R=1.72yR, for 
tribution 


Blasius velocity dis- 
fe 
= Karmian-Pohlhausen parameter. 
Past experiments have all indicated that dis- 
turbances in the form of velocity fluctuations, 
either in the oncoming stream or in the boundary 
layer itself, are the direct cause of transition. 
The accumulated evidence favored the view that 
transition depended on the extent to which a 
boundary layer was disturbed; that is, that a 
laminar boundary layer could withstand a certain 
without becoming un- 
unstable when the 
It was assumed 
by some that the velocity variations had to be 


amount of disturbance 
stable, but that it 
disturbances were large enough. 


became 


large enough to cause intermittent separation of 
the layer from the surface to produce transition. 
Following this point of view, G. I. Taylor [1]? ad- 
vanced a theory of transition based on the vary- 
ing pressure gradients accompanying turbulence 
in the surrounding flow outside the boundary 
laver. 


* Figures in brackets indicate the literature references at the end of this 


paper 


252 


In spite of this experimental evidence, g y 
bility theory based on a quite differen 
was favored by some mathematicians 


a 
COonCeng 
Man} 
According y 
this theory, small disturbances in velocity of 
wave length lying within a certain region wo, 
be amplified in the boundary layer, whereas ¢j 
turbances of shorter or longer wave length woy)j 
be damped. Thus stability would depend 
the wave length rather than the magnitude of, 


belonging to the German school. 


aly 


yn 


disturbance. 

Important contributions to this theory we 
made by Tollmien [2, 3], and Schlichting {4 to 7 
There was a little experimental evidence to sy. 
port the theory found in flows known to be of; 
unstable type: namely, flow in a divergent chany 
[8], in a wake at low speeds [9], and in an acow 
tically sensitive jet [10]. However, this evide 
was discounted on the basis of inherent instability 
and stability theory was discredited by those why 
were inclined to trust experiment rather t! 
theory. 

Such was the state of the transition prob 
at the outset of the present investigation. | 
original purpose of the investigation was not 
settle any 
where transition would occur on a flat surface 
to learn as much as possible about transit 


controversy, but rather to find 


when the turbulence of the surrounding st 
was reduced to levels lower than had hither 
obtained. It fortunate 
experiment, for the discovery of laminar bounda 


been was a choice 
layer oscillations, made possible by the smoothnes 
of the flow, was the first conclusive evidence of tly 
validity of stability theory based on the growt! 
small disturbances. The subsequent study, de 
cribed herein, of the waves producing the oseills- 
tions completely verified the theory. 

The failure of previous investigations was | 
disturbances that \ 
initially large enough to cause transition, the 
disturbances coming in general from the relat. 
high turbulence in the surrounding stream. 1! 
first known observations of velocity fluctuation 
in a laminar boundary layer were made by Dry: 
(11). 
pressed on the boundary layer by the turbule: 
in the outside stream. They were irregular 4 
produced transition without showing any of |! 
characteristics required by stability — theo 
Nikuradse [12] attempted to test the stabil 


in large measure to 


These were regarded as disturbances 
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ory by producing sinusoidal fluctuations in 
dary layer near the leading edge of a 


His results were inconclusive, 


ae bo 
in water. 
because the artificial fluctuations, as well 
the general disturbances, were too large, and 
artly because he observed only the effect on 
e lo ation of transition. 
The investigation of transition on a flat plate 
+ low turbulence was suggested by Hugh L. 
Drvden, and the authors acknowledge his as- 
stance and many valuable suggestions in con- 
ection with the experimental program. 


II. Apparatus and Methods 
1. Wind Tunnel 


The present investigation was conducted in the 
‘-foot wind tunnel at the National Bureau of 
The general layout of the tunnel is 
The flat plate was located 


tandards. 
hown in figure 1. 


Ficure 1.— Elevation 


ertically in the test section with the leading edge 
In order to reduce 
ibration, the test section of this tunnel is sup- 
ported directly from the foundation and is joined 
0 the rest of the cireuit by only a sponge-rubber 
eal at each end. 


) feet from the upstream end. 


The area reduction from settling 
hamber to test section is 7.i1:1. The guide vanes 
thead of the settling chamber were made finer 
than the others in order to reduce the seale of the 
turbulence and to permit as much reduction in 
turbulence through decay as possible. Since di- 
rectional fluetuations in the horizontal plane were 
found to be large, closely spaced straighteners 

placed at right angles to and on top of the 


guide vanes. This combination was in effect 
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a honeycomb and resulted in great improvement 
in the steadiness of the stream. Further reduc- 
tion of turbulence was obtained by installing 
damping screens in the settling chamber. With- 
out screens, the turbulence in the test section was 
0.27 percent at 100 feet per second and, with 


> 


seven screens, was 0.032 percent. 
2. Flat Plate 


The flat plate was a commercial sheet of alumi- 
num \ inch thick, 4 feet wide, and 12 feet long. 
The leading edge, which was symmetrical and 
pointed, was formed by the intersection of circular 
ares tangent to the original surface 4 inches from 
the leading The surface was left in its 
original condition and had a mirrorlike finish, 
marred slightly by small scratches barely percep- 
tible to the finger tips. 
ceptible when viewed near grazing incidence. A 
showed variations from approxi- 


edge. 


Waviness was quite per- 


surface gage 


= at ==) 


SREENS 
— 


SETTLING 


- 
ON | CHAMBER 


view of 4'4-ft wind tunnel. 


mately 0.01 to 0.02 inch over distances from 1 to 
2 feet. These were bends in the plate evidently 
produced by the rolling process. 

The plate was bolted along the top and the 
bottom edges to one side of 3-inch steel channels, 
which were in turn bolted to the floor and to ths 
ceiling of the tunnel. The flanges away from the 
plate served as rails at the floor and at the ceiling 
for a carriage on which all exploring apparatus 
was mounted. The carriage was simply a steel 
plate inch thick and 6 inches wide, with runners 
and guides at the ends in contact with the rails. 
This plate was thus parallel to the wind and 3 
inches from the flat plate. All explorations in 


the boundary layer were made 25 inches or more 
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ahead of the carriage to avoid the local pressure 
field. The carriage was propelled by hand from 
outside of the tunnel by a sprocket and chain. 


3. Pressure Distribution 


In order to control the pressure gradient along 
the flat plate, the cross section of the working 
chamber was varied by adjustable auxiliary walls 
on the vertical sides of the chamber. These walls 


were aluminum sheets \¢ inch thick and 22 inches 
wide extending from opposite the trailing edge of 
the plate to a distance 4 feet ahead of the leading 


edge. The sheets, mounted on screws, spaced 9 
inches, and threaded through the tunnel walls, 
were adjustable to and from the sides of the 
tunnel. In order to prevent discontinuity at the 
top and at the bottom edges, the sheets were 
backed by a stretched rubber diaphragm; the 
combination of aluminum sheet and rubber 
formed a continuous flexible wall that could be 
warped or displaced as desired. The maximum 
range of displacement of these auxiliary walls 
was about 4 inches. 

By this means the pressure could be made to 
rise, to fall, or to remain constant along the plate. 
(See curves A, B, and (, fig. 30.) For most of the 
experiment the walls were set for zero pressure 
gradient. 

The provision for warping the walls into a bulge 
or a hollow did not prove so useful as was antici- 
pated because the effect of the warp usually ex- 
tended over too great a distance to give the de- 
sired result. When it was desired to produce a 
sharp pressure rise or fall, other devices were used. 
For example, an airfoil extending from floor to 
ceiling near the plate produced a sharp pressure 
fall followed by an abrupt rise. A pressure fall 
without a rise was easily produced by proper 
blocking of the stream. 

Although measurements were taken on only 
one side of the flat plate, the auxiliary walls on 
each side of the tunnel were given the same shape 
for symmetry. Some asymmetry nevertheless 
existed because of the presence of the carriage and 
the measuring equipment on only one side of the 
plate. Although this resulted in greater blocking 
of the stream on the working side, it was found 
that some excess blocking here was necessary to 
direct the flow at a slight angle to the leading 
edge of the plate so that the stagnation point was 
displaced slightly from the sharp edge to the 
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working side of the plate. The transi: ion poi 
was unaffected by the position of the <tagng:, 
point so long as this point was not displaced to th 
opposite side of the plate. The slight ey 
blocking was therefore maintained at al! times, 
prevent directional variations accompanying ;| 
turbulence in the stream from ever carrving the 
stagnation point to the opposite side. 


? 


4. Measurement of Pressure and Transition 


A small pitot-static head was arranged as show 
in figure 2 with the impact tube in contact wi) 
the surface and the static tube parallel to th 


Figure 2. 
eure distribution and position of transition 


Pitot-static-surface tube used to measure | 


stream \ inch from the surface. This combinati 
was carried on an arm attached to the carriag 
28 inches to the rear and could slide fore and ai 
with fork-like guides and impact tube always 
contact with the surface. Both tubes were mai 
from thin-wall nickel tubing with 0.04-inch outsid 
diameter. The impact tube was flattened on th 
end to form a slit 0.007 inch wide, the cen 
of which was 0.006 inch from the surface wh 
the tube was in contact. The static tube had fo 
0.008-inch drilled through the wall 
diameters from the closed end, 

Only the static tube of this instrument was use 
when pressure distributions were measured ® 
both tubes were used when transition points wer 
determined. Traverses were always horizonte 
and usually made along the center line of ti 
plate. The static pressure was thus measure 
4 inch from the surface, which for most of 1 


‘ 


holes 
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Hace corresponded to a position outside the 


yndary layer. A large variation of pressure 


rmal to the surface was found near the leading 
re the pressure distribution was deter- 
ned Also, 
sure effects caused by waviness of the surface 
pended on the distance from the surface. Since 
» former variations were confined to the first 
tnches from the leading edge and the latter were 
all. variations in pressure in the \-inch distance 


ve wii 


by the shape of the leading edge. 


rmal to the surface were neglected. 

The detection of transition by the surface-tube 
thod depends on the variation with z of impact 
essure near the surface, 
ely to the variation of shearing stress at the 
race. This impact with 
tance from the leading edge to the beginning 
transition, then transition 
rion, and again falls in the turbulent region. In 


which corresponds 


pressure decreases 


rises through the 


« present work, the point of minimum pressure 
3 taken as the beginning of transition, and 
e point of maximum pressure following the rise 
where turbulence was 


ws taken as the point 


lly developed. 
5. Boundary-Layer Thickness 


Velocity distributions across the boundary layet 
re determined by traversing normal to the 
rface with a flattened impact tube similar to 
This tube was carried on an arm 
hot-wire 


Both the 


e surface tube. 


milar to the one shown with the 


emometer attached in figure 


Apparatus for traversing normal to the surface. 


Hiot-wire head attached 


screw, A, and the fulcrum, /, were 


id in contaet with the surface of the plate by 


rometelr 


arm extending rearward to the carriage, 
tion of the impact tube to and from the 
vas Obtained by rocking the arm about 
im by means of the screw. The velocity 
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When 
the pressure gradient zero, the measured 
values of 5* were in agreement with those cal- 
culated by the Blasius formula 


distributions were used to determine 6*. 
was 


1.79 ve 
$y Ue 


Whenever the value of 6* was needed for presenting 
results obtained at zero pressure gradient, the 
value calculated by this formula was used. 

Tollmien and Schlichting, |2,4,5] used a constant 
in the above formula equal to 1.73 for computing 
6*. More recent values of the constant are 1.7207 
given by Dryden [11] and 1.7208 given by Gold- 
stein [13]. A value of 1.72 is therefore used in 
the present work. 


6. Hot-Wire Turbulence Equipment 


A variety of apparatus, such as amplifiers, 
bridges, potentiometers, oscillators, oscillographs, 
and numerous hot-wire anemometer, 
comes under the heading of hot-wire equipment 
Amplifiers with attend- 


ant power supplies and hot-wire anemometers are 


types of 
for measuring turbulence. 


equipment, whereas the other 


standard 


usually special 


equipment is of commercial design. 
Amplifiers used in turbulence work and circuits to 
compensate for the thermal lag of hot wires have, 
however, been standardized to a certain extent, 
and their essential features are described in the 
literature. Two amplifiers, which were designed 
and built by W. C. Mock, Jr., were used in the 
present investigation. One of the amplifiers is 
described in reference 14; the other was a newer 
and more portable type with about the same 
frequency response but using capacitance com- 
pensation instead of inductance compensation. 
Both types of compensation and the requirements 
to be met by each type are described in reference 
15. The 
reference 16. 


theory of compensation is given in 


When properly compensated, the 
over-all response of wire and amplifiers was 
uniform from 3 to about 2,000 cycles per second. 


In all 


calibrated by measuring the voltage across the 


hot-wire anemometers must be 


cases 
wire at known air speeds; or, if the anemometer is 
sensitive to direction changes, it must be cali- 
brated by measuring the voltage at several 
For this purpose a poten- 


Wheatstone 


angles to the wind. 


tiometer is necessary. A bridge 
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must be used to obtain the resistance of the wire 
at air temperature. Throughout the present 
work, both in calibration and in use, the heating 
current was held constant and only the tempera- 
ture and the voltage across the wire were allowed 
to vary. This condition was maintained during 
rapid velocity fluctuations by a sufficiently large 
choke coil in series with the wire. Amplifiers 
were calibrated by applying to them a known 
alternating voltage from an oscillator. By use of 
the calibration data, velocity fluctuations could 
be calculated from the amplified and properly 
compensated voltage fluctuations across the hot 
wire. A cathode-ray oscillograph was used for 
visual observation of fluctuations and also for 
making photographic records with a moving-film 
camera. When observations were simultaneously 
taken on two wires, an electronic switch was used 
in conjunction with the oscillograph. 


7. Hot-Wire Anemometers 


The hot-wire anemometers used here may be 
divided into two classes: (1) Those used in the 
free stream to measure turbulence, (2) those used 
in the boundary layer to study oscillations, tran- 
sition phenomena, and turbulence. Anemometers 
of class 1 were designed for high sensitivity and 
for freedom from vibrational effects. Anemom- 
eters of class 2 were designed for working near a 
surface with a minimum of interference and with 
as little vibrational motion relative to the surface 
as possible. Both types used platinum wire 
0.00025 inch in diameter, obtained by etching the 
silver coating from Wollaston wire. The etched 
wire was soft-soldered to prongs made either from 
fine sewing needles or from fine copper wire. 
Platinum wires of this size were adequately sensi- 
%. inch and, in 
the range of operating conditions, had time 
constants ranging from 0.0005 to 0.002 second. 


tive in lengths no greater than 


Anemometers.of class 1 were made with a 
single wire normal to the wind for measuring wu’ 
or with two wires set at an angle to the wind in 
the form of an X for measuring v’ and w’. Heads 
of these two types are shown in figure 4. Both 
have platinum wires (not visible in the photo- 
graph) across the tips of the prongs; the four- 
prong head has the two wires forming an X. In 
the X-arrangement the wires lie as nearly as 
possible in a plane without touching and subtend 
an angle of 60 degrees, with each wire at an angle 
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Figure 4.—Hot-wire heads for the measurement of 


stream turbulence. 
of about 30 degrees to the wind. Braces of « 
thread cemented across the prongs about \ ine 
from the tips were necessary to prevent wi 
breakage. All wires were about 3 
These arrangements of wires take advantage | 
the directional characteristics of a wire in ond 
to obtain sensitivity to the component desir 
The sensitivity of a wire to direction is known 


t¢ inch lon 


depend on the angle to the wind, being zero why 
normal and again when parallel. 
u is & maximum when the wire is normal. Sin 
v and w are small, their principal effect is to cau 
fluctuation in direction of the stream when add 
vectorially to U and the effect on the magnitud 
of the instantaneous velocity is insignificant. 


Sensitivity t 


wire normal to the wind responds thus to 
fluctuations rather than to v or w. 

An X-arrangement of two identical wires, ew 
making the same angle to the wind, with voltag 
opposed produces a resultant voltage change on! 
when the wires are differentially cooled. Th 
arrangement is then insensitive to u, but high! 
sensitive to direction changes in the plane of tl 
wires and hence to v or to w depending on tl 
orientation of the plane. When fluctuations a 
large, isolation of single components in this wa 
is not complete and voltage changes are 2 
exactly proportional to velocity changes. If th 
fluctuations do not exceed 5 percent of the mea 


speed, errors from these sources are believed | 


be less than 1 percent. 

The mountings for the hot-wire heads are show] 
in figure 5. The central member to which ‘ 
head is attached is held within the cylindrical tu 
by a rubberband suspension and in this way 
isolated from vibration from the tunne! was 
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al effects were not troublesome after a 


ibrati 
“soft” suspension of this sort was used. 


ficiently 


he mounting for the X-wires contains an angle- 


anging device for calibrating the wires. 


Rubber-suspension-type mountings with hot- 


wire heads attached. 


the boundary layer only the u-component 

as measured, except when one attempt was made 
, discover whether the boundary-layer oscilla- 
ons had a w-component. A study of v was con- 
dered desirable but no appropriate hot-wire head 
{ sufficiently small dimensions was available for 
he purpose. For anemometers of class 2, there- 
re, most attention was given to hot-wire heads 
ith the wire normal to the wind and parallel to 
he surface. The wire length was usually 0.04 
h. For traversing along the surface with the 

re at a fixed distance, the wire was attached at 
he tips of prongs extending about 1/4 inch forward 
rom a small celluloid sled, which was held against 
he surface by wire springs from a brass tube at- 
A sled assembly with two 
irs of prongs for supporting two wires at differ- 


ched to the carriage. 


at distances from the surface is shown in figure 6. 


Another sled was also used with two hot wires 


Sled-like hot-wire 


wires 


head arranged for two hot 
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making a V in a plane parallel to the surface. The 
latter arrangement was sensitive to w. The sled 
was believed to be the best possible type of hot- 
wire head to prevent relative motion between the 
wire and the surface. Interference effects were 
found negligible. 

For traversing normal to the surface, the hot 
wire was supported on the tips of steel sewing 
needles extending into the boundary layer from 
the arm of the traversing apparatus shown in 
figure 3. This arrangement was made sufficiently 
rigid to be free from vibration troubles but was 
not appropriate for traversing parallel to the sur- 
face. A combination of this apparatus with a 
sled was used when it was desired to keep one wire 
at a fixed distance from the surface while moving 
the other in and out from the surface. 


III. Reduction of Stream Turbulence and 
Effect on Transition, Zero Pressure 
Gradient 


In the present investigation, effects of high 
stream Em- 
phasis was placed rather on reducing the turbu- 


turbulence were of little concern. 


lence as far as practicable in order to study the 
boundary layer when it was as little disturbed 
from the stream as possible. The turbulence was 
successively reduced by placing various numbers 
and combinations of damping screens in the set- 
tling chamber. For each addition of a screen and 
for every recombination of screens, measurements 
were made of u’/L%, v’/U>, and w’/L, in the work- 
ing chamber and the values of 2, at the beginning 
and at the end of transition were determined. 

No correction for wire length according to the 
method given in reference 17 was made, since the 
appropriate scale for v’ and w’ could not be de- 
termined. If the probable order of magnitude of 
the scale is considered, the correction is small and 
is believed to be unimportant in view of the 
accuracy attainable in the measurement of low 
turbulence. 

Screens of fine mesh and small wire were used 
in order that the turbulence produced by the 
screen itself would decay rapidly. Each screen 
completely covered the cross section of the set- 
tling chamber and, when more than one screen 
was used, a spacing of 6 inches or more was 
allowed between them. Preliminary surveys with 
the hot-wire anemometer showed that the turbu- 


lence was uniform over the usable cross section of 
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the stream and that little or no decrease in turbu- mercially available, a screen made fron, silk jp), 
lence occurred in the length of the working cham- ing-cloth was installed. Some futher redyer: 
ber. The turbulence could therefore be specified was obtained but not so much as wa eXpecte 
by hot-wire measurements made at one point in No attempt was made at further reduction TI 
the working chamber. The measurements showed measured values of the turbulence at this Joy, 
that v’ and w’ were nearly equal to each other but level are given in table 2. The z-Reynolds pyy 
generally greater than u’. This nonisotropic con- bers of transition found during the various stay, 
dition is known to be caused by the contraction of reduction are shown in figure 7. The highs 
of the stream from the large area of the settling turbulence shown in the figure (0.342 perce 
chamber to the smaller area of the working cham- was obtained by placing a square-mesh grid , 
ber. The more the turbulence was reduced by 'y-inch rope, spaced 6 inches, in the settling chap 
the addition of screens, the less this difference ber a few inches downstream from the set of « 
became and, finally, near the lowest turbulence wire screens. The transition point found by Hy 
u’ was actually larger than ve’ and w’. In all cases and Hislop [18] for their lowest turbulence js i 





TURBULENT REGION 





LAMINAR REGION 











2 6 20 24 
100 Valuteveew*®)/U. 


Ficune 7 Eff cl of turbulence on z-Re ynolds number of fransilion. 


Flat plate, zero pressure gradient 


the turbulence increased with the wind speed, an cated in figure 7. By definition, their transi! 
effect that could be partly accounted for by the point corresponds to the beginning of transit 
decreasing resistance coefficient of the screens with of the present paper. 

increasing speed. TaBie 1.—Turbulence with 6 damping screens in & 
chamber 


, . ° ' Measurements at single station in working cham ber 
tion in turbulence was obtained with each addi- coun 


As the number of screens was increased, a reduc- 


tional sereen but by successively decreasing — need 
amounts; and the reduction by this means ap- ntensi 
peared to have reached a practicable limit when neasu 
= Percent Percent Percent "er 

six screens were installed. The measured values ; 0.019 0.011 0.012 innel 
with six screens are given in table 1. It was . = = oo 

) 12 023 at 
believed at first that a level had been reached 027 1126 021 
nearly equal to the turbulence produced by the ~- a an 
screens themselves. <A finer screen than any of 35 agg 087 
037 . O42 - O41 
. 049 44 O45 
the six screens already present. As no screens O45 ome wT 


the others was therefore added downstream from 


with finer wires than those already used were com- 
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e 1S in 


estions are raised by the foregoing re- 
Why was the addition of the bolting- 
en so ineffective in further reducing the 
” and (2) Why was transition on the 
unaffected by reduction of turbulence 
The first question is 


th se 
brbuli 
at plat. 
Jow about 0.08 percent? 
wered in the following section. 
wstion is more difficult, and an attempt will be 
to answer it only after boundary-layer 
(See section VIII.) 


The second 


ade 
cillations are considered. 


IV. Residual Turbulence and Noise 


While the measurements of the lowest turbu- 
‘nee were in progress, it was noted by the trace 
nthe sereen of a cathode-ray oscillograph that the 
random 
Vibra- 


ion of the hot-wire mounting was suspected but 


clocity fluetuations did not have the 


haracter usually ascribed to turbulence. 


as ruled out since changes in the softness of the 
ounting failed to change the appearance of the 
race. Consideration was next given to the effect 

wind-tunnel noise and led to the startling 
onelusion that a reasonably loud sound could 
olve particle velocities sufficient to produce an 
pparent turbulence of the order of that actually 
bund. For example, a calculation based on a 
plane wave with an intensity of 105 decibels above 
base level of 107° erg per cm? per second showed 
root-mean-square particle velocity of 0.028 foot 
At a wind velocity of 100 feet per 
ond, this is equivalent to an apparent turbu- 


I second. 


nee of 0.028 percent, while the measured turbu- 
A few measurements of 
ntensity with a sound meter connected to a crystal 


nee was 0.0315 percent. 


hicrophone showed that the noise level was proba- 
lv between 105 and 110 decibels at 100 feet per 
econd. As 110 decibels is equivalent to an appar- 
it turbulence of 0.051 percent, the noise could 
this 


At the lower speeds, however, the noise 


ccount for the entire hot-wire reading at 
peed. 
itensity appeared insufficient to account for the 
neasured turbulence. As the wave pattern in the 
imnel was very complex, calculations based on 
lane waves can be at best only rough approxima- 
Furthermore, to the direct effect 
1 the wind on the microphone, it was necessary 
0 measure the sound level at a distance from the 
10l Wire 


ons. 


avoid 


An analysis was made by a wave analyzer of the 
of the noise from the tunnel picked up 


pectrum 
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in the tunnel control room by the crystal micro- 
phone. A similar analysis was then made of the 
output from the hot wire in the wind tunnel. In 
both cases the wind velocity was 80 feet per second. 
A comparison of the two spectrums is shown in 
As the distribution of intensity with 
frequency is compared here, uncertainties in abso- 
lute intensity are of minor importance. The 
similarity of the curves indicates that, at a wind 
velocity of 80 feet per second, a large part of the 


figure 8. 


hot-wire output is derived from noise. 
The values of turbulence in tables 1 
probably contain a significant contribution from 
noise, especially at the higher velocities. A large 
part of the increase with velocity is probably due 
’ and w’ is 


and 2 


Also, a u’ greater than r 
evidence that not all the contributing fluctuations 
were carried with the stream through the entrance 
As most of the noise comes from the pro- 
peller, it is obvious that damping screens can 
On the other 
hand, the addition of screens must increase the 


to noise. 


cone. 
reduce only the true turbulence. 


noise because of the higher propeller speed needed 
to maintain a given wind velocity through the 
added resistance in the screen. These facts afford 
a satisfactory explanation of the effective limit 
of damping screens in the present tunnel 


TaBLe 2.—Turbulence with 6 damping screens followed by 


1 bolting cloth in settling chamber 


Measurements at singie station in working char ber 


Percent 
0. O18 0. 0135 
ov O10 Ol42 
21 O15 O169 


Percent ercen Percent 


0. 009 


026 O16 (204 
029 O17 0226 
033 7 OLS 0251 
037 O00 0286 
00 023 O315 
O44 O25 (R42 


Figure 8 also suggests some information con- 
cerning the answer to the second question posed 
in section III regarding the effect of turbulence 
on transition. As the spectrum of this apparent 
turbulence is unlike that of isotropic turbulence 
[19], such turbulence will probably affect transi- 
tion in a different manner from isotropic turbu- 
lence. Velocity fluctuations from sound involve 
pressure changes not related to those of turbu- 
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lence and involve motions correlated over great 
As the proportion of noise to turbu- 
lence with reduction of 
turbulence, anomalous transition effects are to be 


distances. 


was increased each 


expected. 


V. Laminar Boundary-Layer Oscillations, 
Zero Pressure Gradient 


l. First Evidence of Oscillations 


When the stream turbulence had been reduced 
to nearly its lowest level with the six wire damp- 
ing screens, it was decided to investigate the 
velocity fluctuations in the laminar boundary 
layer itself. For this purpose one of the sled-like 
heads with a wire sensitive to u was arranged to 
slide along the surface with the wire 0.023 inch 
from the surface. With greatly reduced stream 
turbulence, it was expected that the slow irregular 


Records of the oscillations were made by phoy, 
graphing the screen of the cathode-riy ose) 
graph with a moving film camera. ‘J 
such records are reproduced as figures 9 and 


\O Sets ¢ 


Figure 9 shows the progressive developmen 
the oscillations. The traces at 6.25 and 6.5 {, 
already show the bursts of large-amplitude os 
lations interspersed with highly disturbed tyy| 
lent motion. The final record at 8 feet indica), 
a completely turbulent boundary layer. 1) 
frequency of the oscillations may be judged | 
the \o-second timing dots. The same phenoy 
enon at a lower wind speed and at a greater ¢ 
tance from the leading edge of the plate is shoy 
in figure 10. Here the amplifier gain (magni 
cation) was adjusted to keep the recorded am 
tude the same from position to position in ord 
to bring out the weak as well as the strong os 


lations. Attention is called to the lower os 
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Ficure 8.—Distribution with frequency of u-component of turbulence 


and sound. 


Wind speed = 80 ft/sec, 


fluctuations, reported for a much more turbulent 
stream in reference 11, would be correspondingly 
reduced. Such fluctuations were, in fact, almost 
nonexistent; but, as the wire was moved down- 
stream through the boundary layer, a regular 
oscillation appeared, weak at first but with in- 
creasing amplitude as the distance downstream 
increased. Just ahead of the transition, bursts of 
very large amplitude occurred and, at the initial 
point of transition, these bursts were accom- 
panied by a breaking into an irregular high- 
frequency fluctuation characteristic of turbulence. 
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u’/ Us (total) =0.033 percent. 

tion frequency corresponding in this case to 

lower speed and to the thicker boundary laye' 
It was thought at first that these oscilla! 


might possibly be due to vibration of the wi 
that gave rise to relative motion between the wi" 


and the surface. 


changes in the hot-wire head and support !ale 


to cause any change in the oscillations. Furt) 


more, the oscillations appeared to be defini 


connected with transition since the zone in whit! 
they occurred always preceded transition 
moved with it fore and aft along the plate as 
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cuRE 9.—-Oseillograms of u-fluctuations showing laminar 


ndary-layer oscillations in boundary layer of flat 


surface=0.,023 in. Up=80 ft/sec Time interval between 


dots = 1/30 sec 


ind speed was varied. It could not be said 
ith certainty that the oscillations were the cause 
transition, since there existed the possibility 
lat the boundary layer became shock-excited by 
ansition occurring a short distance downstream, 
ving rise to an oscillation that was possibly the 
sult of transition rather than the cause. The lat- 
rexplanation was ruled out by removing transition 
th an abrupt pressure drop and vet leaving the 
cillations totally unchanged at an upstream 
The with no 
idence to the 


sition alternative conclusion, 
that 


sulted from the growing of the oscillations to the 


contrary, was transition 


unt where the boundary layer was so highly 


isturbed that transition occurred. 


lt was soon found that the hot wire could be 
aced at any cross-section of the boundary layer 
) pick up the oscillations, although the amplitude 
uite evidently varied with position. The fre- 
uehcy remained the same throughout the section 


Kcept very near the surface where there was a 


iggestion of frequency doubling ov the low-veloc- 
This effect at the 4-foot 
sition is shown in figure 11. As the hot wire 
to negative velocities as though they were 
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positive, the doubling was believed to indicate that 
the amplitude of the oscillation was sufficiently 
high to reverse the direction of flow during half of 
each cycle. 

A V-wire, sensitive to w, revealed a w-component 
in the oscillations. Little work was done with this 
wire, and the relative amplitudes of u and w were 
not compared. With the one exception cited here, 
all work was dore with wires sensitive to u. Be- 
cause of experimental difficulties no attempt was 
made to detect the v-component, although it is 
shown by theoretical considerations in section V, 2, 
that a v-component must exist. The presence of 
the w-component thus indicates that the oscilla- 
tions were three-dimensional. 

Because the effects of noise were so much in 
evidence, it might be supposed that the oscillations 
were a resonant acoustic phenomenon arising from 
some frequency in the sound spectrum. Among the 
evidence against this supposition is that presented 
in figure 12, which shows the effect of a tenfold 
increase in turbulence produced by the rope grid 
in the settling chamber downstream from the six 
damping screens. With the higher turbulence, it 
is seen that oscillations are present where they 
It thus appears that dis- 


were absent before. 
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Oscillograms of u-fluctuations showing lamirar 
oj flat 


Figure 10. 


boundary layer oscillations in boundary layer 
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Ficure 12.—Oscillograms of u-fluctuations showing effect of stream turbulence on boundary-layer oscillé 


Distance from surface =0.004 in. Time interval between dots= 1/30 sec 
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Fieure 13. 


Theoretical total amplification from branch I to branch II as indicated 
Branches I and II of neutral curve meet R-axis at R= @. 


oscillations found on oscillograms. 


rbances in the stream, possibly acoustic as well 
turbulent, give rise to oscillations which are not 
emselves sound waves. 

It was believed almost from the start that the 
cillations amplified their 
rity resulting from selective amplification of a 
at most, a narrow band of 
advanced to 


were disturbances, 
igle frequency or, 
quencies. Theories had been 
count for just such an amplification but were 
ten ignored in experiment because no conclusive 
idence in their support had been found. In 
der to test whether these were in reality the 
uplified oscillations predicted by theory, fre- 
iencies were determined from numerous oscillo- 
ams, taken at as many positions and speeds as 
ssible and plotted in an appropriate manner on 
diagram derived from the theoretical results of 
The diagram with the _ experi- 
entally determined points is shown in figure 13. 
his figure will be made clear by the theoretical 


hlichting. 


scussion in section V, 2, and will be described in 
For the present, it is suffi- 
ent to observe that the experimental points are 
stributed along branch II of the theoretical 
irve, which is the region in which the points 
hould fall if the initial disturbance, out of which 
cillations grow, have received approximately 
cir maximum amplification. The oscillations are 
berefore identified with those produced by insta- 
ity of the boundary layer. 


tail in section V, 3. 


2. Theory of Boundary-Layer Oscillations 


been found of oscillations of 


ther hich purity resulting mostly from random 


Evidence has 
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Zone of amplification enclosed by neutral curve, according to Schlichting. 
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Experimental points from frequency of 


disturbances. The oscillations observed at a 
fixed point suggest the presence of a traveling 
wave in the boundary layer. A theoretical answer 
is sought for the question: How can random dis- 
turbances produce a wave that looks closely 
sinusoidal and has a single predominant frequency? 

The superposition of small disturbance velocities 
op a uniform velocity in one direction presents to 
a stationary observer the appearance of wave 
motion. The motion may be sinusoidal or irregu- 
lar. For simplification, all the disturbance 
velocity components are assumed to be sinusoidal 
of the same frequency. In a uniform stream, 
this motion has the attributes of a traveling wave 
with a wave velocity equal to the mean velocity 
of the stream. The amplitude is the disturbance 
velocity with components u, v, and w, and the 
pressure involved is the dynamic pressure of the 
disturbance velocity. This kind-of wave is in- 
volved in the application of stability theory to the 
boundary layer. Only two-dimensional motion has 
so far been successfully treated. In a nonuniform 
stream, boundary layer, the wave 
velocity is not known at once but may reasonably 


such as a 


be assumed (and can also be proved theoretically) 
to be less than the maximum velocity of the stream. 
The characteristics of the wave will depend on the 
characteristics of the stream, such as the velocity 
profile of a boundary layer, and on conditions 
imposed on the mean velocity and on the disturb- 
ance velocities at the boundaries. The theory 
treats the influence of all these conditions and how 
they determine the wavelength, the wave velocity, 
and the damping or the amplification of the wave. 
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In general, the disturbances responsible for 
wave motion in a boundary layer are random in 
character and the resulting wave motion is ir- 
regular. One of the important characteristics 
of the wave is its ability to maintain itself against 
the damping action of viscosity or even to grow by 
Since this 
certain 


absorbing energy from the basic flow. 
characteristic depends on the frequency, 
component frequencies of an irregular wave will 
be damped and others amplified as the wave travels 
downstream. It will be seen in section V, 3 
that this process accounts for the relatively high 
purity of the observed boundary-layer oscillations. 

Energy considerations alone form the basis of an 
treatment first used by Osborne 
According to the Reynolds concept, 
disturbance depends on 


elementary 
Reynolds. 
growth or decay of 
whether energy is transferred to the disturbance 
by absorption of energy from the basic flow or is 
extracted from the disturbance by the damping 
The flow of energy then 
determines the stability of the boundary layer 
under the action of disturbances. As the kind of 
disturbance must be specified, this method does 
not have general applicability. The flow of energy 
is, however, a fundamental physical concept in- 
volved in all theories even though not explicity 
stated. As an introduction to the more advanced 
theories the energy relation will therefore be 
derived here. The development follows essentially 
that given by Prandtl [20]. 


action of viscosity. 


(a) Basic Equations and Energy Relations 


In general, only two-dimensional flow with two- 
dimensional disturbances has been treated success- 
fully in stability theories. The basic flow is 
assumed to be steady and a function of y only. 
The basic flow in the boundary layer is then 


The disturbances are a function of time as well as 
of z and y and are expressed by 


u=f,(z, y, t) 
v=/,(z, y, t). 


The components of total velocity are therefore 
U+u and ». As u and v are assumed to be small, 
the Navier-Stokes equations become, after squares 
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and products of disturbance velocities an 
differential coefficients are neglected, 


| of their 


ou , pu, ou 
ot or ” dy 

OU, Ou, Ou\ 1/0P , dp 
o( Set ant op) —5( oe ) 


Ov , Ov »( o*v =*)- i oP op) 
ot Or oz? * Oy? Oy © dy)’ 
where p is the pressure produced by the distur). 
ances, and P is the pressure due to the basic flow 
The equation of continuity is 


ou Ov _ 0 

Or * OY 
By subtracting from eq 1 and 2, respectively, (| 
corresponding Navier-Stokes equations for , 
v= p=0, the following two equations are obtained 
in terms of only the disturbances: 


ou ou, Ol Oru , s)- 1 Op 


Ot! t or Oy or? * oy? p Ox 


att a=" de 


dv, ,,dv Ov, Ov\ 1 dp 
P +53:)- 


p OY 


Equations 4 and 5 are the fundamental hydr- 
dynamic equations for small disturbances on 
which are based all stability theories her 
discussed. 

In order to derive an expression for energ) 
balance, eq 4 is multiplied by u and eq 5 by », and 
the resulting equations are added to give the single 
disturbance equation 


(3+02)(%4")- 


Oru Ov , O’v 
bs re toe) | 


ye 1 p2P), 
“Oz oy 


It will be noted that the left-hand member of this 
equation gives the time rate of change of kineti 
energy, due to the disturbances, of a partic 
moving with the basic flow. Each term on ti 
right-hand side of eq 6 is now integrated over tht 
region containing the disturbance, as explained ! 
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etail eference [20]. The resulting expression 


of f wel, dedy «f {( oy - oe ) dedy, (7) 


here d/./dt now represents the time rate of change 
{ kinetic energy, due to the disturbance, of the 
yid within the region of integration. The first 
vm on the right-hand side of eq 7 involves the 
hearing stress puv and represents the rate at 
hich energy is absorbed from the basic flow. 
his energy is added to that already present in the 
‘sturbance. The second term on the right-hand 
ide. which is obviously always negative, is the 
ate of dissipation of the energy of the disturbance 
y viscosity. The predominance of one effect 
ver the other will determine the net change in the 
nergy of the disturbance. 

The first term on the right-hand side of eq 7 
bas an interesting physical interpretation. First, 
u and v differ in phase by 90 degrees, as in the 
bsual wave motion, uv will vanish over one 
omplete cycle, and no energy can be absorbed 
rom the basic flow. Second, as dU/dy is positive, 
y must be negative, if the disturbance is to 
eceive energy from the basic flow. These and 
ther conditions are treated in the more advanced 
heory to be considered next. 


(b) Disturbance Equation and Solutions 


Lord Rayleigh [21] appears to have been the 
irst to outline a more general matheniatical 
heory to which numerous investigators have con- 
ributed. The mathematical difficulties are so 
reat that the basic velocity profile (U=/(y)) was 
ssually approximated by a straight line or seg- 
nents of straight lines. This imposed serious 
imitations on the generality of the results. Tiet- 
ens [22] was the first to apply Rayleigh’s theory 
0 profiles intended to reproduce flow along a wall, 
ut his solution suffered from the serious limita- 
ions just mentioned. Important advances have 
een made by Tollmien [2, 3] and Schlichting 
4 to 7], who successfully applied the theory to 


urved profiles intended to represent actual velo- 


ity distributions. Their most complete solutions 


ipply to ao approximation of the Blasius distribu- 


ion. Schlichting’s work (4, 5] is particularly com- 
lete and his results are used here for comparison 
The following outline 
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of the theory is taken largely from references 
[4 and 5] with occasional help from reference [2]. 
The physical basis for the theory, the steps in the 
solution, and the more important results are 
given here. The mathematical aspects of the 
problem are discussed in the original references. 
Even io the original references details of the com- 
putations are lacking and checking of results is 
difficult. 

From the basic eq 4 and 5, the pressure terms 
are eliminated by differentiating eq 4 and 5 with 
respect to y and z, respectively, and subtracting 
the second from the first. The result is a linear 
homogeneous equation in u and v: 

Oru -Ou ,ou, OV 

dyot'  drdy' dy Ox dy? 

ov Udv Oru 

Ordt Ox? ~— \ Oz Oy 


ov OU 


* dy dy 


Ou Ov_ O*v ) 8) 
oy’ Ox Oy’dr ( 


The disturbance velocities may be expressed in 
terms of a stream function W such that 
u=dy | 
Oy | 
f (9) 
- dy 
dz! 
Any periodic disturbance may be represented by a 
Fourier series. As eq 8 is linear and homogeneous 
in uw and », its behavior may be investigated by 
using a single term of the series. This amounts 
to assuming a periodic disturbance whose stream 
function has the form 
v= Fy) exp [i(axr— Bt)] 
where F (y) represents the initial amplitude of the 
stream function which depends only on y, a=22/h, 
where \ is the wavelength, and ¢ is the time. 
Since 8 and hence ¢ are generally complex quan- 
tities, eq 10 may be written 
v= Fy) exp [i(ar— (8,+78,)t)] 
Fy) exp lia(x—(c,+-ie,)t)], (11) 


Fy) exp |ia(x—et)}, (10) 


where 8,, the real part of 8, is the angular velocity 
or 2xf (f=frequency); 8;, the imaginary part of 8, 
is the coefficient of amplification or damping, 
depending on whether it is positive or negative; 
and c,=8,/a is the velocity with which the phase 
progresses and will be termed simply “wave 
velocity.” 

When eq 8 is written in terms of the stream 
function and substitution is made for y in accord- 
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ance with the second of eq 10, the result is 


(U—e)(F” —a’®F)—U"F —(F""—2a'F” +a‘ F’) 
Cc 
(12) 


where the primes represent differentiation with 
respect toy. Equation 12 is a homogeneous linear 
differential equation of the fourth order with a 
general solution of the form 


F=C,F,+C,F,+C,F;+C,F,, (13) 
where F,, F,, F;, and F, are the particular solu- 
tions and (’, (, Cs, and C, are the constants of 
integration. The form of these particular solu- 
tions depends on the basic velocity assumed, that 
is, on the boundary-layer profile. 

A solution of eq 12 was first obtained by Toll- 
mien [2] for a velocity distribution intended to 
approximate closely a Blasius distribution. He 
considered the case in which amplification and 
damping were absent, that is, for real values of 
B and c, and obtained the so-called ‘neutral’ 
oscillations. Schlichting [4] repeated Tollmien’s 
calculation and in addition treated the case for 
small amplification. In a later paper [5] Schlicht- 
ing determined the distribution of amplitude of 
neutral oscillations across the boundary layer and 
investigated the energy balance. Schlichting’s 
work is theretore more complete and more suitable 
for comparison with experiment. 

Both Tollmien and Schlichting approximated a 
Blasius distribution by a straight line and a para- 
bola as follows: 


1 
For 0s ;s 0.175, 


. — U = 
For 0.1755 2s 1.015, 


U ‘ ys 
. 1 ( 1.015-; 


l 


For ¥ -1.015, 
af 


This gave a sufficiently close approximation to 
the Blasius distribution of U’ but was not a suffi- 
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ciently good approximation for U’ and 

latter quantities were therefore take 

from the Blasius solution; only the follow ing tor, 
of the series, which obviously apply to small yalyo 
of y/6, were used 


rr 1.68] 1 : 3.65 (f) | 


U" __isa(¥) 


The displacement thickness 


and 


5* (( dy 0.3476 


Schlichting gives 0.3416 for the integral, and «| 
value was used to compute the values of ; 
figure 21. 

It was assumed that U’=f(y) and that V 
This is equivalent to assuming a nonthickening 
boundary layer, that is, constant 4, and is the bass 
for most of the adverse criticism of the theo 
In a real boundary layer, 6 depends on ys, | 


S(x,y), and V0, but the dependence of U on sis 


small compared with the dependence on y, a 
V is small compared with U. 

As the purpose in the present paper is merely | 
indicate the method of solving the equation, th 
solutions will be indicated in general form. Thy 
calculations have been carried through to nu- 
merical results for only a few velocity profiles 

Equation 12 is not readily solved in its entirety 
and certain approximations must be made that 
involve the friction terms on the right-hand sid 
of the equation. The simplest approximation 
to neglect the friction terms entirely. In order \ 
justify this, eq 12 is put in a dimensionless for 
that has the Reynolds number as one of th 
When the new independent variabie 
U,6*o, the result is 


parameters. 

y/6* is introduced and F 
U—e,.» me Uo 

Ue (? abo) — U, 7 

I 


wn 22024" 1 4&4 
rad *R? 2a‘b**> a‘d*™), 


where the primes now denote differentiation wit) 
respect to y/6* and R is the Reynolds numbe 
When R is sufficiently large, the right-hand si 
of equation 14 may be small enough to neglect 
The effect of the friction terms is actually nes 
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all values of y/6* except those near the 
nd near a plane,’ which is also near the 
where the wave velocity is equal to the 
stream velocity. It has been shown by 

) [2] that ¢ must always be less than U’,; 

point will therefore always be found in the 
oundary layer where l’=c. Exclusive of this 
point and the surface, two particular solutions, 
» and @, may be obtained by solving the friction- 


gible 


urfac' 


ss equation 


r | had 
oe" ab) — me 


0 


0. (15) 


The solutions are expressed as power series de- 
eloped about y., where y, is the position of 
These solutions are 


U- (y—y,-) (y—y,) 
b= 7nds log ry +145, — + 


he critical point, U’=e. 


y—ydT, , . Y—Ye) , . Y—Ye)? 
"54 [i+a, 5* +d, 5 a 


6, + (17) 
vhere U" and U. are the values of U’’ and U’ 
it the critical point. While ¢, is regular through- 
uit the whole layer, ¢: possesses a singularity at 
the critical point and a correction to eq 17 must 
be found by another approximate solution that 
takes into account the friction at the critical 
point. This second approximation to eq 14, 
valid in the neighborhood of the critical point, 
results from neglecting all but the largest of the 
friction terms. 

For this purpose a new independent variable 7 
is introduced, defined by 


1/3 


Y— Ve ( ab*Ry : ) n= en. 


5* (18) 


From this it is seen that 7 is a dimensionless vari- 
able that is equal to zero at the critical point 
Y=Y-, positive for y>y,., and negative for y<y.. 
Equation 14 is now written with 7 as the inde- 
pendent variable for ¢. As this equation will be 
used in the vicinity of y=y,., (U—c)/U, can be 
approximated by (U./U,)en and U” by LY, 
where the primes again denote differentiation with 
respect to y/6*. The equation becomes 


As tt cory applies only to a boundary layer of constant thickness, the 
sentially one-dimensional, and this plane is commonly referred 
il “point.”’ 
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“wn ” 


id +” (n—2iea’d*) 
oe ity 
of « ie + ne’a*5** — ieta’s*) 0, 


where @ is differentiated with respect to yn. As 
« is small, the terms containing @ and ¢ are 
omitted, and eq 19 becomes 


(19) 


io” "+n" =. (19a) 


Equation 19a contains no singularity at ['=e, 
and a solution of this equation at the critical point 
indicates the form of ¢@ to be used when y—y,<0. 
This form is 


do» “6( log ne + ir) 


c 


—y.) ~y,)? 
bY Yel 4 5 UY. + (17a) 


6* > 5% 


By neglecting the term in eq 19a containing 
e, the homogeneous equation 


ip” ”+no” =0 20) 
is obtained. The solution of eq 20 contains the 
two particular solutions ¢, and ¢, that are ex- 
pressed in terms of Hankel functions as follows: 


*» *» (1),@ 9 
93.4 | dy 7 °?H [ 5m" * in (21) 
Jo Ja 173 Le 


where //®?- are Hankel functions of the first 
and second kinds. Equation 20 is valid all the 
way to the surface. It is found that ¢,; diminishes 
very rapidly from the surface outward and is there- 
fore important only near the surface. On the 
other hand, ¢, increases rapidly with y, and will 
not satisfy the requirement that ¢=0 at y= @; 
hence, (, in eq 13 is set equal to zero. The gen- 
eral solution of eq 14 may then be written 


= Cid, + Crd. + Crdr. (22) 

(c) Characteristic-Value Problem 
The stability investigation is a characteristic- 
value problem—that is, one in which the boundary 
conditions afford sufficient equations between the 
solutions at the boundaries to determine the values 


of the parameters for which eq 14 is satisfied, 
those values being the characteristic values. At 
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y=6 where L’'=U,=constant, the solutions of eq 
14 are of the simple form 


ad “¥) 


exp (- 


i] 
exp ( } ao 
The solution with the positive exponent must be 
ignored as it is infinite at y= o. As the outer 
boundary condition, then, ¢’/6=—aé*. Since ¢, 
has already disappeared at the outer boundary, 
the result is 
+ O;(ba5+ ad *b23) =0 


C, (dis-+ ad * G5) 


CP; T CrP; =0 (23) 
where the subscript 4 indicates the solution at the 
outer boundary and 


915= dis + a6*$y5 


$25 = G25 + ad* p25 


At the surface, y=0 and ¢=¢’=0. The surface 
boundary conditions are then simply 


+ be 


Cdr, % Cds, 0 


, 


C1), + Coda, + Cas, = 0, 


0 
where the subscript 0 denotes solution on the 
surface. 

If @ in eq 22 does not vanish identically, the 
following determinant of the boundary solutions, 
formed from_eq 23, 24, and 25, must equal zero: 


9; Po; 


>) 


, 


>: 


Solving the determinant gives 


%3,, dy Pi5 ~ Pos 


>s, d2,Pi5 ~ 1 Pos 


The left-hand side of eq 26 is a function o, 
where m is the value of » at the surface. Sino 
by eq 18, » is a function of the parameters ,; 
and R, the left-hand side of eq 26 is also a fy, 
tion of these parameters. The right-hand side of 
eq 26 is a function of the parameters a§* 4), 
e/U. Denoting the left-hand side by @ and 4 
right-hand side by E gives 


r 


G() = E (ad*, ¢/U ). 
Equation 27 is complex and may be separate 
into two real equations by separating rea] ay 
imaginary parts. Between these two equation 
any one of the three unknown parameters, qi* 
R, and ¢/U, may be eliminated and a relaticy 
between the other two found. This has bee 
done by both Tollmien and Schlichting for ¢ req) 
that is, for oscillations neither amplified nq 
damped. For this case, eq 27 may be written 
G, (non) = 12, (an5*, €,/U) 
where the subscript n denotes neutral oscillations, 
If c, is eliminated, a relation between aé* and f 
is found. This gives the theoretical neutral cur 
shown in figures 20, 25, and 27. By eliminatin 
aéd*, the relation between c,/U, and R, shown in 
figures 26 and 33, is found. Recombination of 
these quantities results in 8,»/U%*, plotted in 
figures 13, 16, 17, 19, and 24. 

The curves just mentioned extend only to the 
maximum values of #& that are of practical interest 
Tollmien [2] points out that both branches | and 
Il of these curves approach the R-axis as 2 
approaches infinity. Branches I and II, ther- 
fore, meet at infinity and form a closed curve 
Amplification occurs within the region enclosed 
by the curve. Damping occurs in all other 
regions. 

The values of the parameters are given i 
table 3. The computations were made by a cot- 
bination of analytical and numerical methods 
It may be pointed out that the values obtaine 
by Tollmien and Schlichting show some differ- 
ences. These are probably because of differences 
in the details of the computations. Value 
plotted in the foregoing figures and appearing !! 
table 3 are Schlichting’s results. 
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37, 600 0. 149 
12, 000 . 188 
4,640 | .223 
3, 290 28 
2,070 . 251 
1, 420 24 
1,020 | 274 

713 =O . 273 


Schlichting extended the calculations to include 
mall amplification, applying only in the neighbor- 
hood of the neutral curve. The calculations were 
arried out, not by a direct solution of eq 27, but 
by a series development starting from the neutral 


eq 28. Thus @ (m9) is found by 


((m) = G (non) T (no — Ton) G” (non) T 29) 


and E (aé*, ¢/U>) is found by 


E(aé*, ¢/Us) 
oF, \ , dE, 
(a—a,)( 5) +(e ~e)( ) 


With the values of @G and E given by eq 29 and 
30, amplifications were determined near and within 
the space enclosed by the neutral curve 8,0. 
Values beyond the range permitted by this method 
were determined by interpolation, by assuming a 
cubic equation for 8; at constant R that meets 
both branches of the neutral curve with the known 
slope 08,/0@ at these points. Schlichting’s dia- 
gram showing the theoretical amplification is 
given in figures 27 and 28. It will be noted 
that 8, has a maximum near the center of the 
wne and falls off toward both branches of the 
neutral curve. In accordance with eq 11, ampli- 
fication of a disturbance is expressed by 


E,, (a,5*, c,/T 0) + 


(30) 


(31) 


A, “ta 
{, ~@P Bat, 
#2} ti 


where A; is the amplitude at t,;, and A, is the am- 
plitude at %. With ¢, taken on branch I of the 
neutral curve and ¢, on branch II, the total ampli- 
fication at constant B,»/U,? was calculated by 
Schlichting for several parts of the amplification 
zone. Sehlichting’s values. are shown in figures 
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13, 19, and 20. The maximum total amplifica- 
tion up to a given value of z, when disturbances 
of all frequencies are present, is determined by 
the equation 


‘ 


A(z) , "¢(r) 
7 =exp( mas | Bat) 


(32) 
Schlichting found that the relation between this 
maximum total amplification and the z-Reynolds 
number up to an R, of about 10° could be repre- 
sented by the interpolation formula 


A(R,) 


A, (33) 


0.55 exp (0.555 < 10~>°R,). 

The solution thus far has determined several 
characteristics of the wave. For any given value 
of R and the frequency, it is known whether the 
wave will be amplified, damped, or neutral. For 
a given frequency the wave velocity is related to 
(> in a known way and is constant over the cross 
section of the layer. In like manner the wave 
length is known in relation to 6*. 


(d) Amplitude, Correlation, and Energy Balance 


The characteristic-value problem gives no in- 
formation about the relative magnitudes of u 
and » nor how they are distributed through the 
boundary layer. How the boundary layer “vi- 
brates,” whether as a whole or in parts, remains 
unknown. This is because the boundary condi- 
tions were used to determine only the parameters 
of the problem and not the constants of inte- 
gration. 

In a second treatment of the theory applied to 
the flat plate [5], Schlichting completed the in- 
vestigation by determining the constants in equa- 
tion 22 for neutral oscillations, that is, for 8,—0. 
He was thus able to calculate relative values of u 
and v and their distribution across the boundary 
layer. The physically important questions of the 
correlation between u and v and the energy balance 
were also answered. The same approximation to 
the Blasius distribution as used earlier was used 
here. 

As absolute values of u and v, which obviously 
depend on the intensity of the impressed disturb- 
ance, are of no interest in such a treatment, one of 
the constants was left undetermined and for con- 


Thus, 


venience was made unity. 


C,=1, 





and, from the boundary conditions expressed by The value of K was chosen to give 

eq 23 to 25, the following values for C, and C,; are —- value of u’/U’,=0.05 from 0 to 6. T; 
obtained: the values of u’/U, v’/Uo, and K calculate 
® by Schlichting. 


eae °° 


(34) 


ant (26 ‘ ) 1 (2 6 Y y) 
3 - o 1 = ; > — 1 +r 7 * : ° 
os, \ Pos? °, os, \ Pa“? " Paste 4.—Theoretical neutral oscillations take, 
Schliching [5] 
When the values of the boundary solutions and 
their derivatives are known, C; and C, may be qvenage o//Upnah hems went te atons 
determined by eq 34. The general solution ¢, 
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An expression for the kinetic energy is readily Branch II; ad*, 0.2% 
obtained by squaring eq 36 and 37 and adding. 
The correlation coefficient defined by 

— lution 


0. 0655 
214 
a Uv 350 
K . 595 ‘ rofiles 
1.028 
1. 445 
oo © ¢. ¢ 1. 755 he sig! 
k= aa a ° (38) a 2.04 
ro ?2 er / oe ‘ 

vy (9, T 9; (ee tO) 2. 50 ° 
2. 87 nflecti 
3. 10 
3. 26 
3. 35 
3. 37 
3.33 
3 
3 
? 
> 


becomes n ady 


assing 


Values of u’/Up, v’/Uo, and K were calculated 
by Schlichting for neutral oscillations correspond- 
ing to the following two points, one of each branch 
of the neutral curve: 
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e seen in table 4 that u’/U)=0 at the 
face and again at a point near y/6=0.854 for 
ranch I and near y/6=0.774 for branch II, after 
hich it again increases for greater y/5. The 
alues of u’/Uy are plotted in figure 21, where the 
eory is compared with experiment. At the 
ints within the boundary layer where u’/U> 
anishes, a 180° phase shift occurs in u, meaning 
wt the instantaneous u-component of the 
cillation velocity is decreasing on one side of this 
int while it is increasing on the other. No such 
hase shift occurs in v. Table 4 also shows that 
orrelation does exist between uw and v and that 
This means that energy is drawn 
and, in accordance with 


It will 


is negative. 
rom the basic flow: 
, 7, this energy must be balanced by the dissipa- 
ion if the oscillation is to be neither amplified 
ordamped. Schlichting evaluated both terms in 
7 by integrating from z=0 to r=) and from 
)toy=e. The net flow of energy was found 
» be very nearly zero, which indicated that the 
scillations were nearly neutral. This result was 
nterpreted as proof of the correctness of the 
olution to the characteristic-value problem. 

A physical explanation of the correlation 
tween u and v is attempted by Prandtl [20]. It 
ppears that w and ev would differ in phase by 90° 
nd we would vanish in consequence if there were 
bo phase shift in ¢ produced by the viscosity near 
he critical point. The viscosity is thus responsible 
r the flow of energy to as well as from the 


listurbance. 
(e) Solutions for Other Conditions 


Tollmien [3] has attempted to generalize the 
“lution sufficiently to include boundary-layer 
rofiles with an inflection point, such as occur with 
n adverse pressure gradient. For such profiles 
he sign of L”’’ changes from positive to negative in 
missing outward from the surface and, at the 
afleetion point, U’’=0. The velocity of the 
eutral wave is shown to be equal to the stream 
eloeity at the inflection point, and an important 
onsequence of this is the absence of a critical point 
( (=e, in the solution of the frictionless eq 15. 
‘he conclusion is that profiles with an inflection 
int are inherently unstable, although neutral 
scillations ean still exist. These considerations 
uggest that an adverse pressure gradient is 
avorable to amplification. 

Gortler [23] has investigated the effect of wall 


aminar Boundary-Layer Oscillations 


curvature on the stability of the boundary layer 
and finds that velocity profiles are unstable if a 
change of sign occurs in L’’’ +L’ /r, where r is the 
radius of curvature of the wall. If an inflection 
point (L’’’ =0) exists, the point where (’’ + L’’/r=0 
is farther from the surface than the point where 
U’’’=0 for a convex wall and nearer to the surface 
for a concave wall. If no inflection point exists, a 
point where 1’’’+U"’/r=0 can occur only on 
a convex wall. It is concluded that convex 
curvature has a destabilizing effect and that 
concave curvature has a stabilizing effect. 
Solutions for profiles with inflection points are 
given in Rosenbrook [8] 
investigated the flow through a diverging channel 
as the channel was towed through still water. 
Streamlines were made visible by fine particles of 
aluminum in the water, and wavelike motions 
accompanied by the formation of eddies could be 
observed as well as the velocity distribution. A 
solution, following Tollmien [3], was obtained for 
S-shape velocity profiles approximating those 
observed. Fair agreement was obtained between 
the observed and the computed wavelengths. 
Hollingdale [9] obtained the solution appropriate 
to the laminar wake formed in one case behind a 
flat plate and in another behind an airfoil, both 
towed at low speeds through still water. Oscillat- 
ing wakes were observed at certain Reynolds 
numbers and the wavelength and the wave 
velocity were measured. With the appropriate 
interpretation of theoretical results, fair agree- 
ment between calculated and wave 
length and wave velocity was obtained. 
[10] obtained an exact solution of the frictionless 
eq 15 for the two-dimensional jet and obtained 
expressions for the neutral wave length and wave 
velocity in terms of characteristics of the jet. 
compared with 


references 8 to 10. 


observed 
Savic 


The theoretical results were 
observations of wave length and wave velocity 
made on an acoustically sensitive jet and good 
agreement was obtained. 

Schlichting [6] has determined the effect of 
centrifugal force by calculating the curves of 
neutral stability for a boundary layer developed 
on the inner wall of a rotating cylinder. Schlicht- 
ing [7] has determined the effect of density 
gradient on the stability of the boundary layer, 


using the approximation to the Blasius distribu- 


tion given in part b of this section. Neutral 
curves outlining the zone of amplification are 
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given. Stability is principally affected by a 
gravitational field in connection with the density 
gradient through the boundary layer. 

The methods of Tollmien and Schlichting have 
been applied by Pretsch [24] to the boundary 
layer on bodies of revolution. The approximate 
forms of the general disturbance equations from 
which the four particular solutions are obtained 
are found to be the same as those for the two- 
dimensional case, the solutions are therefore the 
same. The solutions are applied to the known 
velocity profile at the stagnation point of a sphere 
and the curve of neutral stability is computed. 


3. Naturally Excited Oscillations 


Naturally excited oscillations are those origi- 
nating from the amplification of small disturb- 
ances naturally present in the stream. These 
oscillations were treated in Section V, and their 
frequencies were experimentally obtained and 
plotted in figure 13. The concept of waves run- 
ning downstream through the boundary layer has 
been introduced; the behavior of the oscillations 
in relation to figure 13 can now be discussed. 

One important feature of figure 13 is that the 
values of amplification coefficient are positive 
within the zone enclosed by the neutral curve and 


have values reaching a maximum near the center 


and falling to zero on each boundary. Outside 
the zone 8, is negative. All disturbances, whether 
damped or amplified, travel downstream and 
therefore in the direction of increasing R, since 5* 
increases with z. For example, a fixed speed U, 
and a disturbance of frequency such that 8,0/U; 
in figure 13 equals 40X10~° are considered. 
Such a disturbance, if it began at the leading edge 
of the plate, would be damped as it passed along 
the boundary layer until it reached a point where 
R attained the value 1,180. From this point to 
R=2,160 the disturbance would be amplified and, 
as it passed beyond this point, would again be 
damped. If A, and A, are the amplitudes of the 
disturbance at the beginning and at the end of 
the amplification zone, the ratio A,/A;=742. In 
other words, the amplitude has increased 742 
times while crossing the zone. This is the total 
amplification given by eq. 31. A disturbance of 
any given frequency will then be most highly 
amplified when it reaches branch II of the neutral 
curve. 
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Figure 8 shows that, in experiment. many 4, 
quencies are represented in the initial disturhay, 
The fact that the observed boundary-layer og. 
lations contain one predominant frequency jy 
be explained. In order to determine whet) 
theory and experiment are in agreement, the plae 
on the theoretical diagram where the predomingy 
frequency should lie must be found.  [nstead , 
traversing the diagram of figure 13 with a wy 
of a single frequency as in the foregoing il|ysty 
tion, waves of many frequencies, covering a yi 
range of values of 8,»/U,*, are supposed to oni 
the amplification zone through branch I and y 
dergo amplification at a rate determined by the 
frequency as they proceed to the value of R 
which the observation is made. Initial distyy) 
ances are, of course, present in the boundary lay 
at all values of R and disturbances enter {| 
diagram at all points. Those entering this di 
gram ahead of branch I are reduced by dampi 
below the prevailing level of the initial distur 
ances while those entering behind branch I cany 
receive full amplification. Disturbances occurry 
at points corresponding to branch I have « 
largest initial value and also receive the highe 
amplification and are therefore assumed to be th 
ones whose development should mainly determu 
the final result at the point of observation. | 
will be noted that amplification increases withov 
limit as the frequency decreases if no limit : 
placed on the Reynolds number. The exper 
mental observation, however, is made at a par 
ticular value of R and hence of R,; under this co 
dition it is obvious that one particular value ¢ 
8v/U will become more highly amplified tha 
any of the others, this one having the maximun 
total amplification given by eq 33 in terms of £ 
and the initial amplitude <A,. This frequen! 
obviously is the predominant one that should | 
found on the oscillograph records. The remainin 
question now concerns the position of this moe 
prominent frequency on the diagram, that © 
where the experimental points should lie. Tb 
problem then becomes one of determining alo 
what line starting from branch I and runnin 


parallel to the R-axis the total amplification ss 4 


maximum up to a given value of R. By takin 
into account the values of 8, given by Schlichting 
it was found that for uniform energy distributio! 
with frequency, this line introduced into the 
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am alo 
r somewhere between the center of the zone 
.d branch I. For more accurate results, both 
» initial energy distribution and the damping 
or to reaching boundary I must be considered. 
be experimental points should lie inside the zone 


‘ar branch Il. The agreement with theory is 


t perfect, since many points lie on branch II 
id outside the zone, but is as good as can be 
pected from observations of this sort. 

The process described here is believed to be 


ne of considerable importance since it is the proc- 

s by which laminar-boundary-layer oscillations 
evelop from initially random disturbances. In 
rder to develop a pure oscillation, initial disturb- 
nces must be so small that a large amount of 
mplifieation can occur before transition destroys 
¢ laminar layer. 

It has been pointed out that the oscillations 
ypear to be three-dimensional. This is to be 
xpected because of the three-dimensional nature 
f the initial disturbances. The theory, however, 
oncerns two-dimensional oscillations, and how 
his should affect the agreement with experiment 
snot known. 

An apparent discrepancy between figures 7 and 
3 must be pointed out. It will be observed in 
igure 13 that oscillations are indicated for FR as 
high as 3,120. This corresponds to an R, of 
b.28 10° and, according to figure 7, is in the 
ransition region. The oscillograph records actu- 
lly showed intermittent turbulence, but it was 
till possible to read oscillation frequencies from 
The limits of 
he transition region are defined statistically by 
method. The discrepancy is 
herefore only apparent. 

In connection with the surface-tube method, 
nother effect was noted, namely, that a rise in the 
urface-tube reading was noted a little ahead of 
1¢ point where turbulence was indicated by the 
Ot wire, 


jonturbulent parts of the records. 


ie surface-tube 


This is believed to be caused by a 
lightly modified velocity distribution arising from 
he shearing stress given by uv in the oscillations. 
‘he lower boundary of the transition region in 
gure 7 is therefore a little too low, but the dis- 
lacement is small and has no significant effect on 
he shape of the curve. 


branch I intersects the prescribed value’ 


VI. Artificial Excitation of Boundary-Layer 
Oscillations, Zero Pressure Gradient 


It was soon realized that a study of boundary- 
layer oscillations could be carried out to better 
advantage if they were not caused by accidental 
disturbances occurring in the wind tunnel but 
were produced by a controlled disturbance of 
known amplitude and frequency at some chosen 
position. This was finally accomplished by the 
vibrating ribbon discussed in section VI, 3. While 
a search was being made for devices of various 
kinds that would accomplish the desired result, 
effects of sound were tried. Interference from 
naturally excited oscillations was minimized by 
making the artificial disturbances much greater 
than the natural disturbances. The bolting-cloth 
damping screen was also installed with the six 
wire screens, but the addition of this screen had 
no detectable effect on the natural oscillations. 


1. Sound From Loudspeaker 


The effect of sound intensity on the boundary 
layer is of interest because sound is an unavoidable 
source of disturbance both in wind tunnels and 
in free flight of power-driven aircraft. A 25-watt 
loudspeaker was accordingly installed in the top 
of the tunnel at the leading edge of the plate and 
fed by a variable-frequency oscillator through an 
amplifier. The intensity and the frequency were 
controllable. 

Interesting effects were easily demonstrated. 
For example, boundary-layer oscillations could 
be induced at will merely by choosing the right 
frequency for a particular position and speed. 
Transition could be moved 1 or 2 feet ahead of 
its natural position by the right combination of 
intensity and frequency. In general, a random 
noise from the loudspeaker produced similar re- 
sults, but the effect on the oscillations was not so 
marked. ‘These were casual observations with no 
attempt at quantitative measurements. 

When quantitative work was attempted, it be- 
came apparent that the complicated sound field 
in the tunnel was a decided draw-back. Figures 
14 and 15 show the distribution of sound intensity 
along the center of the working chamber 3 inches 


from the plate. Figure 14 shows a standing wave 
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at 48 cycles per second with either a node or a frequency came from the eight-blade wind-tuny 
loop at the center of the plate depending on the propeller running at a speed of 360 rpm. Figu 
type of microphone—that is, whether crystal 15 shows the distribution at 60 cycles per second 
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This turned out to be the fundamental frequency would be expected. These are only a few examp) 


_ of the 12-foot tube formed by the plate and the — of the sound field and the change in distributiog 
tunnel walls. The same standing wave could be with frequency that serve to complicate 
set up without the loudspeaker when the exciting studies with controlled sound intensity. 
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Ficure 16.— Boundary layer oscillations excited by loudspeaker. 


Points show sound frequency giving maximum amplification. Curve outlines theoretical amplification zone 


(See fig. 13.) 


When the loudspeaker was used to excite oscilla- amplification, the points should lie within the 
ons, two procedures were tried: (1) The sound zone near branch II to be in agreement with 
equencies that produced oscillations of maxi- theory. In view of the difficulties encountered, 


d-tunny 
Fic re determined and (2) 


r Second 


um amplitude at chosen velocities and positions — the large scattering of the points is not surprising. 


a sound frequency and Another application of the loudspeaker con- 


sition were chosen and the velocity was then sisted in directly connecting the amplified output 


ried until the oscillations were a maximum. of the hot wire to the loudspeaker so that regen- 


ition th ; 

P ro 7 Ww , 
xampl tor together with the 
ributiog 


ate a 


yl, and R were cale 
gure 16. The solid line is again Schlichting’s the proper phase relation existed, causing the 


vy use of the sound frequencies read on the oscil- eration could occur. Disturbances picked up by 


measured U, and g, the hot wire were thereby fed back as sound, which 
ulated and plotted in in turn reinforced the initial disturbance when 


irve of neutral stability enclosing the zone of — system to oscillate. The resulting frequency was 
nplification, Since both procedures amounted read from a variable-frequency oscillator con- 


) finding the condition for maximum total nected to the oscillograph to form Lissajou figures 
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Regeneration frequencies resulting from feedback from hot wire in boundary 
layer to loudspeaker. 


Curve outlines theoretical amplification zone. (See fig. 13 


with the hot-wire signal. The frequency of re- 
generation was determined by the frequency 
response of the wire, the electrical circuit, the 
loudspeaker, and the tunnel as a whole, as well 
as by the preferred boundary-layer frequency. 
Many frequencies could be found with no wind 
and only by rejecting these “false” frequencies 
could results of any reliability be obtained. The 
results are plotted on the usual diagram in figure 
17. Many of the points shown evidently are not 
related to the boundary-layer oscillations. 


2. Sound Through Hole in Plate 


A localized disturbance was produced by bring- 
ing sound into the boundary layer through a hole 
in the plate. At a position 18 inches above the 
center line and 4 feet from the leading edge a \-inch 
hole was drilled through the plate, and on the 
back was mounted a small headphone from a 
radio head set. This produced a three-dimensional 
disturbance emanating from a known location. 

A hot wire, mounted on the small sledlike head, 
was arranged for traversing upstream and down- 
stream at a fixed distance from the surface, usually 
along a line slightly displaced from the hole. A 
survey of possible types of measurement showed 
that the method could be used only for obtaining 
the type of result shown in figure 18. With the 
regeneration hook-up, that is, with the amplified 
output of the wire fed into the headphone, the 
frequencies of oscillation were determined with 
the wire at various distances downstream from 
the hole. The speed was constant during a run. 
Oscillation of the system occurred most easily for 
values of U’, less than 40 feet per second and with 
the hot wire less than 0.1 inch from the surface. 
The solid curves of figure 18 show the discon- 
tinuous manner in which the frequency varied 
with the distance. Reversing the connections to 
the headphone changed the phase of the input by 
180 degrees and gave the results indicated by the 
broken curves. 

The explanation of this sort of performance is 
that proper phase relations had to exist for re- 
generation and that the frequency automatically 
decreased as the distance was increased in order 
to keep an integral number of waves between the 
hole and the wire. There existed a preferred fre- 
quency band, determined by the characteristics 
of the wire, electrical and acoustic circuits, and 
boundary layer. Jumps occurred when another 
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wave between hole and wire was add«d to \,, 
the frequency as near as possible to the center 
the preferred-band. The distance between ey, 
of one type along any line of constant frequey 
is thus the wavelength corresponding to thy 
frequency. 

It is believed that the frequency band yw, 
determined more by the boundary layer thay | 
the rest of the circuit when the wire was far fry, 
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Ficures 18. 





Points show regeneration frequencies resulting from feedback from by 
in boundary layer to head phone. Hot wire moved fore and aft along 
3{e in. below hole. Up p=23 ft/sec. 


the hole and that the preferred frequency wa 
that for which amplification was a maximum over 
the path from hole to wire. The frequency mu- 
way between the extremes and as far as possib 
from the hole was therefore read from sets of 
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« the wavelengths corresponding to these fre- 
encies were now known, it became possible for 
, first time to plot the results in terms of aé* 
4 R. The theoretical curve and the experi- 
ntal results are shown in figure 20. The lines 
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ts show values of ad* for frequencies of figure 19. Lines from points show 


path of amplification. 


total amplification for constant 6,,/l,*, corres- 
mding to those in figure 19, are known. The 
iths over which amplification could occur in the 


kperiment are represented as before by lines ex- 


riding from each point. Figures 19 and 20 
nerally show the kind of results predicted by 
ory, if the frequency and wave length are de- 
mined mainly by the characteristics of the 
uundary layer. 


3. Excitation by Vibrating Ribbon 
(a) The Ribbon 


All attempts to excite boundary-layer oscilla- 
ons by wires vibrating in the boundary layer 


hiled because the disturbance of the eddying 


ake from the vibration of wires large enough to 
feet the layer produced early transition. Flat 


trips outside the layer suffered from self-induced 
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flutter and also had troublesome wakes that 
carried with them fluctuating pressure fields far 
downstream. <A thin flat ribbon of phosphor 
bronze, placed edgewise to the flow in the bound- 
ary layer and only a few thousandths of an inch 
from the surface, was finally found capable of 
oscillating the boundary layer but produced no 
detectable effect when not vibrating. The ribbon 
was drive’ in and out from the surface by passing 
through it a small current of the desired frequency 
in the presence of a strong magnetic field from an 
electromagnet on the opposite side of the plate. 

Several ribbons were tried to find the best width, 
distance from surface, and length of vibrating 
span. All ribbons were 0.002 inch thick. Widths 
ranged from \. to % inch; distances from surface, 
from 0.006 to 0.015 inch; and vibrating segments, 
from 6 to 12 inches. None of these factors ap- 
peared to affect the performance to any noticeable 
extent. A certain amount of tension was neces- 
sary for stability. When it was desired to place 
the resonant frequency above the working range, 
high tension was necessary. 

After this preliminary work, a ribbon 0.1 inch 
wide and 3 feet long was installed 4 feet from the 
leading edge of the plate. At a distance of 6 
inches from each side of the center line of the plate, 
two strips of Scotch tape were laid on the surface 
for insulation and spacing. Another strip of tape 
was then laid on the ribbon to hold it firmly in 
contact with the tape on the plate, except for the 
segment 12 inches long at the center. Rubber 
bands at the ends supplied the tension. The 
12-inch segment at the center was 0.006 inch from 
the surface and was free to vibrate under the action 
of the current and the magnetic field. Examina- 
tions with a microscope showed that the ribbon 
vibrated to and from the surface in a single loop. 
The same oscillator and amplifier that had been 
used for the loudspeaker were found to furnish 
ample power for driving the ribbon. Different 
positions for the ribbon were chosen to cover a 
large range of Reynolds number, but the method 
of attachment was always the same. Distance 
from the surface varied somewhat for different 
installations. 

(b) Procedure 


Two hot wires, one 0.010 inch and the other 
0.110 inch from the surface, both sensitive only to 
u, were mounted on the small sled-like head and 
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arranged for sliding upstream and downstream 
along the center line of the plate with the distance 
of the wires from the surface fixed. The fluctua- 
tions introduced into the boundary layer could be 
picked up by either hot wire. The wave form 
showed some distortion for an inch or so behind 
the ribbon but in general became nearly sinusoidal 
at greater distances. Frequencies amplified by 
the boundary layer showed increasing amplitude 
with increasing distance from the ribbon, while 
those damped showed decreasing amplitude. 
For much of the working region the oscillations 
could probably be regarded as two-dimensional, 
but no attempt was made to verify this assumption. 

Just as for the loudspeaker and the headphone 
behind the hole in the plate, the system could be 
made to oscillate by connecting the amplified out- 
put of the hot wire to the ribbon. Curves like 
those shown in figure 18 were obtained and, from 
them, three points plotted in each of figures 19 and 
20 were obtained. Since the ribbon could be used 
for applications that were believed to be more 
important, very little work was done with the 
regeneration hook-up. 

The wavelength was determined in the following 
simple manner: The input to the ribbon from the 
oscillator was connected to one pair of plates in the 
cathode-ray oscillograph and the output from the 
wire was connected to the other pair. A station- 
ary Lissajou figure consisting of a single closed 
loop was obtained since the frequencies of both 
input and output were the same. As the spacing 
between ribbon and hot wire was changed this 
figure changed from a straight line to an ellipse, 
then to a circle, again to an ellipse, and finally to 
a straight line inclined 90 degrees to the first line. 
This indicated that the phase between input to the 
ribbon and output from the wire had changed by 
180 degrees and that the change in spacing be- 
tween wire and ribbon was one-half wavelength. 
With the oscillograph serving as the indicator, 
wavelength measurements were thus reduced to a 
measurement of the distance moved by the hot 
wire. The wave velocity was then obtained by 
multiplying the wavelength by the frequency of 
the oscillations. 

Determinations of amplification and damping 
were carried out by setting the ribbon into 
vibration at an arbitrary fixed amplitude and 
reading the mean-square hot-wire output voltage 
as the wire was moved away from the ribbon. 
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The results obtained are given in section VJ, 3 4 
The distribution across the boundary lay er was dp. 
termined by traversing normal to the surface y 
some fixed distance behind the ribbon with , 
single hot wire sensitive to u, mounted op the 
traversing apparatus described in section I]. 7 

During the course of the work frequencis 
ranging from 10 to 260 cycles per second wor 
used. 

(c) Distribution of Amplitude 


Since a theoretical distribution of amplity 
across the boundary layer has been given }y 
Schlichting (see section V, 2 (d) and table 4). th 
actual distribution is of interest as a test of agree. 
ment between theory and experiment. Travers 
across the boundary layer were therefore mad 
with a hot wire downstream from the ribbon wit! 
frequency, air velocity, and distance from {hp 
leading edge of the plate chosen to conform to the 
conditions for which the theoretical calculations 
These conditions 

the neutral curve specified « 


were made. correspond 
oscillations on 


follows: 
Conditions required by theory 


Branch 


S894 
2, 070 


Experimental conditions 


Br 108 


Branch [ 


Ribbon Wire 
ft. ft. 
0.75 1.09 
5.00 5.33 


61.4 
40. 6 


I 902 
Il 2, 080 


' Ribbon about 0.009 in, from surface. 


The distributions are given in figure 21 wit! 
amplitude expressed in terms of u’/U’. The solid 
curves show the theoretical distribution and th 
broken curves through the points show the o! 
served distribution. In both cases the traverse 
were made 4 inches behind the ribbon. Th 
vibrational amplitude of the ribbon was *' 
arbitrarily and about the same for branches | anc 
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1 The smaller values of u’/U5 in branch II 
, the smaller effect of the ribbon on the 
oundary layer. Since the theoretical 
iven by Schlichting were based on an 
0.05 from 
0 to y=é, Sehlichting’s values were reduced 
, give the average found by experiment; that is, 
boas under the theoretical curves were made 
sual to areas under th» experimental curves 


sult f 
icket 


alues 
rbitrary average amplitude of u’/U- 


om y=0 to y=6. 

Although the general agreement between theory 
id experiment is good, perhaps the most striking 
nfirmation of the theory is the 180 degree phase 
ft occurring at y/6=0.7. On moving outward 
om the surface all oscillations disappeared at 
is point and farther out they reappeared but 
ith phase opposite to those that had disappeared. 
his phenomenon is shown in a more striking 
anner by the oscillograms in figure 22. The 
airs of traces are simultaneous records of oscil- 
tions picked up by two wires, one of which was 
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Distribution of amplitude of oscillations 


across boundary layer. 


theoretical according to Schlichting. Broken curves are 


experimental. 
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Figure 22.—Oscillograms 
u-component of oscillations eacited by vibrating ribbon. 


showing phase reversal in 


Simultaneous records from two hot wires located | ft downstream from 
hot wire 0.055 in. from surface. Upper trace—hot 


Ribbon 3 ft from leading edge 


ribbon. Lower trace 


wire at various distances from surface 
Ue=42 ft/sec 


Frequency =70 eps. 
at a fixed distance of 0.055 inch from the surface 
(lower trace) and the other at varying distances, 
beginning at 0.080 inch (upper trace). The simul- 
taneous records were made possible by an electronic 
switch that impressed the separately amplified 
voltages of the two wires on the oscillograph, 
alternately and in rapid succession. The switching 
from one to the other accounts for the dotted 
appearance of the trace. The waves are in phase 
for the first four records; the amplitude of the 
upper wave decreases with each succeeding record 
to zero in the fifth. Beginning with the sixth, an 
oscillation reappears in the upper trace but 180 
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degrees out of phase with that in the lower trace. 
The oscillations in these records lie near the 
center of the amplification zone at R=1,720. 

The type of distribution shown in figure 21, 
including the phase reversal, was found for am- 
plified, damped, and neutral frequencies and for 
oscillations as close as 1 inch behind the ribbon 
and as far downstream as the oscillations remained 
free from transition disturbances. The fact that 
the main features of the distribution were found 
1 inch behind the ribbon shows that the forced 
oscillations in the boundary layer very soon reach 
a steady state. 


(d) Amplification and Damping 


When the wire was kept at a fixed distance from 
the surface and moved downstream from the 
ribbon, the amplitude of the forced oscillation 
either increased, decreased, or remained the same, 
depending on the frequency, the velocity, and the 
Reynolds number. The amount of the change 
with distance could be determined by reading the 
mean-square value of the fluctuating voltage 
across the wire on the output meter of the turbu- 
lence amplifier. In order to eliminate as far as 
possible the extraneous disturbances introduced 
by turbulence and by the noise of the tunnel, the 
signal from the wire was passed through an elec- 
trical filter, which was tuned in each case to pass 
only a 5-cycle band around the frequency being 
measured. The results of a typical run with the 
ribbon at the 4-foot position are shown in figure 
23. In this figure z, denotes a position 2 inches 
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FicurRE 23.—Growth and decay of u-component of oscilla- 
tions produced by vibrating ribbon 4 ft. from leading edge 
of plate. 


re is 2in. downstream from ribbon. Up=64 ft/sec. 
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downstream frem the ribbon. The ratio uy’), ; 


8 
Hy 


the square root of the meter reading at x divide 
by the square root of the meter reading at r, 


According to eq 31 


u’ t(z) 
? =exp |) Bat 
Uy t¢ 


(Zo) 


u’ "¢ (x) 
2.3 logio rr | Bat. 
Uo t(Zo) 
Differentiating with respect to ¢ and using tly 
relation dz/dt=c,, where c, is the wave velocity 


gives 
a logio . ,) 
a 
d 


8,;=2.3¢,— 
™ 


The wave velocity is obtained by multiplying th 
measured wavelength by the frequency. If th 
changes in 1’ [ug with distance shown in figure 2 
are truly effects of amplification and dampix 
the slopes of the curves in this figure serve » 
determine §,. 

Before these slopes car be used with confidene 
effects introduced by the thickening of the laye 
witb increas'ng z and effects from possible chang 
in the distribution across the layer also with 
must be investigated. Errors can arise from tly 
sources because of the experimental procedur 
namely, the determination of growth or decay ¢ 
amplitude by varying the distance between th 
ribbon and the wire while keeping the wire a! 
fixed distance from the surface. From the ev 
dence in section VI, 3 (c), changes in the distrib 
tion are small and can cause but little error; how 
ever, the increase of 5 with x may give rise to 
apparent amplification or damping, depending 0 
the position of the wire in the layer. In all cas 
in which data on amplification and damping we 
obtained, the wire was in the rising part of th 
distribution, that is, values of y/5 below those {« 
maximum u’/U, in figure 21, Consequently, ' 
increasing 6 with increasing x introduced an # 
parent damping, which caused al] observed ampl 
fication to be less than the true value and & 
observed damping to be too great. If it is ® 
sumed that the inner part of the distribution cur 
is a straight line passing through the origin, '# 
magnitude of the error in 8, calculated from « 
39 by use of observed slopes is (%4)e,/r. Any “ 
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In fig 


hich { 


he distribution curve like that shown 
ro and the peak value of u’/U, in figure 


| divided - Y/ 
the error. Since (%)c,/r therefore 


t i. 


an upper limit, and since its value 
baed out to be about the order of the random 
viation in results, 8, was calculated by eq 39 
th the use of the experimentally determined 
pes without correction. 


and the corresponding values of 2. This amouats 
to finding points of zero slope on curves like those 
shown in figure 23. Such points were obtained 
from a number of runs at various wind speeds 
with the ribbon at the 4-foot position and again 
with the ribbon 9 inches from the leading edge. 
Values of 8,»/U? and the corresponding values of 
R were computed and plotted in figure 24. The 
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Frequency of neutral oscillations excited in boundary layer by vibrating 


ribbon. 


yd y Solid curve is neutral curve according to Schlichting. 
Cas 
ng wen 
of tag [0 figure 23 the curve for 40 cycles per second 
iq@g@pows damping throughout. As the frequency is 
bcreased amplification takes place, reaches a max- 
an apqgeum at 120 cycles per second, and then decreases 
ptil 180 cycles per second again shows damping. 
) the range of Reynolds number represented by 
ls range in z, all frequencies below about 50 and 
ove 180 cycles per second are damped, while a 
and of amplified frequencies lies in between. 
Of considerable interest are the frequencies for 
hich there is neither amplification nor damping 
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and ai 
is a 


n curv 
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Broken curves are neutral curves defined by experimental 


points. 


solid curve is again Schlichting’s neutral curve 
and the broken curves are those defined by the 
experimentally determined points. The agree- 
ment is very satisfactory, except for peints above 
B,v/U,?=200 x 10-*. 

By use of the measured wavelengths, ad* was 
calculated for the neutral frequencies and the 
results were ploited on the wavelength diagram 
shown in figure 25. The open circles denote 
points on branch II, and the closed circles denote 


points on branch I. The broken lines drawn 
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through these points define the experimental 
neutral Schlichting’s theoretical curve 
is shown and also the theoretical neutral curve 
given by C. C. Lin. 

Still another type of representation involving 
both frequency and wavelength is the diagram of 
e,/U, and R in figure 26. The points and the 
broken curves show the wave velocities found for 
the r.eutral The 
Schlichting’s theoretical curve. 

It is again pointed out that both branches of 


curves. 


oscillations. solid curve is 


the theoretical curves in figures 24 to 26 meet the 
R-axis R=e and thus extend beyond the 
region indicated. Transition prevented experi- 
mental determinations above ?=2,800. 


at 


The wavelength diagram is repeated in fig 
and this time shows, in addition to th 


ure 
theoreti 
neutral curve, the curves of equal a:uplifiegs) 
within the zone. These coni 
directly from a figure given by Schlichting 
The broken curves are defined by the joy 
points, which are not shown in this figure. 7 
points with the values opposite (all to be » 


contours were 


+ 


plied by 10~*) are the observed values of 3y*/ 
obtained from values of the slopes other thy 
zero. Negative values signify damping 

The distribution across the amplification , 
at particular values of R is shown in figure » 
The theoretical curves, drawn solid, are plot 
from values read from Schlichting’s figure j) 
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Wavelength of neutral oscillotions excited in boundary layer by vibrating 
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2000 2400 


26.— Wave neutral oscillations excited 


in boundary layer by vibrating ribbon. 


Figure velocity of 


Broken curves are 
branch L. 


Solid curve is neutral curve according to Schlichting 


neutral curves defined by experimental points. Closed circles 
Open circles— branch II 

* Lin's curve was not available when this work was originally published 

The curve is a recent addition taken from C. C. Lin, On the stability of two 

dimensional parallel flows, Quarterly of Applied Mathematics, III, [2], 117 

to 142 (July 1945); [3], 218 to 234 (Oct. 1945): [4], 277 to 301, Jan. 1046 
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branch IT. 


Theoretical neutral curves shown by solid lines 


The broken curves are drawn through the exp 
mental points. 

The comparison between theory and exper 
ment given in figures 24 to 28 shows, on the wh 
better agreement than might be expected wl 
it is considered that at the outset the very ev 
tence of such phenomena had not been prov 
The observed amplification shown in figures 2 
and 28 is less than the theoretical, but it wil & 
recalled that the theoretical calculation yield 
accurate values only near the neutral curve. | 
the neighborhood of the low Reynolds num! 
limit the experimental inaccuracies are larg 
cause of the small amplification and dampu¢ 
The maximum values of B,v/U%2, ad*, and ¢./ 
and the minimum value of R for which amplitice 
tion can occur as determined approximately 
experiment are compared with the theoretic! 
limits in the following table: 
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Tollmien’s limiting values, on the whole, agree 
better with experiment than Schlichting’s values. 


A comparions of the experimental results in figure 


25 with Tolimein’s diagram of aé* plotted against 
logio R in [2] shows better agreement in general 
than with the corresponding diagram given by 
Schlichting in figure 25. In spite of this, Schlicht- 
ing’s results were used because they were more 


complete than Tollmien’s. 
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all values to be multiplied by 10) opposite points are amplifications determined by experiment 
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Distribution of amplification across zones of 
jigure 27. 


Broken curves are experimental, 


Ficure 28. 
Solid curves are theoretical, 


VII. Effect of Pressure Gradient on 
Boundary-Layer Oscillations 


Figure 29, obtained in connection with the 
earlier work presented in section V, 1, shows the 
effect of pressure gradient on naturally excited 
oscillations. The pressure distribution along a 
part of the plate is shown to the left in this figure. 
The reduction of amplitude in the region of falling 
pressure is very marked. Accelerated growth of 


amplitude is evident in the region of rising pres- 


sure. It was accordingly inferred that negative 
pressure gradients decreased amplification (or 
increased damping) of the oscillations while posi- 
tive gradients increased amplification. A quan- 
titative investigation of this effect was therefore 
undertaken with oscillations forced on the bound- 
ary layer by the vibrating ribbon. 

When the ribbon was in the 3-foot position, the 
regular procedure of measuring amplifications 
and damping and of mapping: the neutral curves 
was carried out for pressure distributions B, C, 
D, and E shown in figure 30. The corresponding 
pressure gradients are given in table 5. 

In figure 30, g, is the dynamic pressure at any 
« ‘ance z from the leading edge, and q is a con- 
venient reference pressure. Curve A shows one 
of the distributions for the condition generally 
termed “zero pressure gradient.”’ This condition 
was obtained by giving sufficient divergence to 
the adjustable side walls of the working chamber 
to overcome the normal pressure drop. The 
shape of the curve in the first 6 inches was deter- 
mined by the flow around the leading edge of the 
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plate and hence could be changed | 

the setting of the walls. The wails also ) 
little effect on the small local variations, <j 
these were found to be produced by slight w, 
ness of the surface. Curve A is thus a condi; 
of zero gradient only when the length of , 
interval and the end points are properly chos, 
With a pressure distribution given by curye 
the experimental values of velocity distributic 
and 5* were in good agreement with the Blas 
values; hence, the approximation to zero gradi 
is probably sufficiently good. 
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Figure 29.—Oscillograms of u-fluctuations showing «ff 
of pressure gradient on boundary layer oscillations 


Distance from surface =0.021 in Up=%5 ft/sec. 
dots = 1/30 sec 


Time interval betwee 


Curve B, which shows the pressure rising alon 
the plate, was obtained by giving the walls the 
greatest possible divergence. Curve C, whicl 
shows the pressure falling, was obtained with th 
walls forming a converging passage. The sted 
positive gradient shown by curve D) was produce 
by a vertical airfoil placed 10 inches from the si 


of the plate running from the floor to the ceilitf 


of the tunnel, and the steep negative gradien! | 
curve E was produced by blocking the streal 
with a plywood panel % inch thick and 28 inch 
wide extending from the floor to the ceiling place 
parallel to and 10 inches from the plate 


Journal of Rese 





freq 
2601 
the 

sible 
rang 
dD, 
Rey 
tral 


cate 


hele 


La: 











° 
So 


LLIONs, SID 


slight wa 


—————— 





A condit; 
igth of } 


rly Chose 








- 
a 
+ 





Vv curve . 
distributi 
the Blasi 


TO gradi 













tia 
































te) ! 2 3 4 5 6 7 
eee 
X (FEET) 
—— Ficure 30.—Dynamic pressure distribution along plate 





outside boundary layer. 








The results obtained on the effect of pressure 
gradient are given in figures 31 to 34 for distribu- 
tions B and C and will be discussed in detail later 
Corresponding figures for dis- 
tributions D and E could not be obtained because 
of the large effect of these gradients on the oscil- 
With the large gradients, the general 





in this section. 






lations. 
















wing effe 
illations. |Pimpression given by observing the oscillations was 
rval ewe that amplification always occurred in gradient 
D regardless of the frequency and Reynolds num- 
‘ne along Der, While damping always occurred in gradient 
alls tha £; however, this statement must be somewhat 
whigm qualified. For example, in EZ fluctuations of all 
with tg requencies were damped for values of R up to 
he steams 2500, which was the highest value obtainable with 
sroducegt the ribbon at the 3-foot position. It is quite pos- 
the sid Stble that a zone of amplification lay beyond the 
» ceiling age of the experiment. In the case of gradient 
dient qq V. the investigation had to be restricted to low 
streams Reynolds numbers because of the occurrence of 
8 inch “Ansition. The few observations made here indi- 
> place CAted a possible low limit of Reynolds number 





below which damping occurred, but the results 
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are in doubt because of a possible scale effect on 
the airfoil used to produce the pressure gradient. 
The pressure rise may have been lessened by lami- 
nar separation on the airfoil at the low velocities 
and the positive gradient may have become less 
than that given by D. Accurate measurements 
of pressure distribution at the low velocities was 
difficult. 

Before presenting the results for the two small 
gradients B and C, attention must be called to the 
effect of pressure gradient on 6*. Since 6* enters 
into certain dimensionless quantities used in plot- 
ting the results, its actual value must be known for 
each case. The value of 6* was measured only for 
distribution B and the result was 


Observed 6* 
Blasius 6* 


=1.09 at r=3.33 ft. 


For distribution C, 5* was estimated by the aid of 
the Karman-Pohlhausen method by assuming a 
linear pressure distribution. The validity of the 
method was tested by making a similar calculation 
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Figure 31.—Frequency diagram of neutral oscillations. 
Experimental curve for zero pressure gradient shown without points. Posi 
tive gradient from distribution B and negative gradient from distribution 


C of table 5. 
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Wavelength diagram of neutral oscillations. 


1600 2000 2400 2800 


Fiaure 32. 


Experimental curve for zero pressure gradient shown without points. Posi- 
tive gradient from distribution B and negative gradient from distribution 


C of table 5 
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Figure 33. 
Experimental curve for zero pressure gradient shown without points. Posi- 


tive gradient from distribution B and negative gradient from distribution 
C of table 5. 


Wave-velocity diagram of neutral oscillations 
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Figure 34. 
Sigure 31, showing effect of pressure gradient 


Distribution of amplification across zone: 


Positive gradient from pressure distribution B and negative gradier: 
distribution C of table 5 


for B and obtaining good agreement with ‘\ 
measured 5*. The estimated result for C was 


b) . > * 
Cerculated 5° 0.93 at 23.33 ft 
The values of 6* for the Blasius distribution wer 
multiplied by the above factors to give the valw 
of 6* pertaining to gradients B and C. 

Figure 31 is the much-used frequency diagram 
showing the results for zero, positive, and negativ 
gradients of distributions A, B, and C, respectivels 
The solid curve is the same as the broken curve of 
figure 24 for zero gradient, shown here without th 
experimental points. The points for negativ 
gradient lie close to this curve; the points for 
positive gradient generally lie cutside the zope of 
amplification for zero gradient. The 
gradient has therefore widened the amplificatio: 
zone as expected. Contrary to expectation, th 
negative gradient failed to reduce the size of th 
No observations were made below /} =5)) 

wavelengths of the oscillations wer 
measured, the data for these same frequencies ®" 
given in a wavelength diagram (fig. 32) and ® 
wave-velocity diagram (fig. 33). It will be noted 
that figure 32 is unlike the usual waveleng!! 


positiv’ 


zone. 
Since 
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wr example, fig. 25) in that the ordinate 
(’, instead of aé*. This change was 
ade in order to eliminate 6* from one of the 
dinates and thereby to restrict errors occurring 
the estimated value of 6* with pressure gradient 
the Reynolds number coordinate. The new 


agra 


now 


dinate is simply aé* divided by the Reynolds 


umber, that is, 
aé* 
U6* U, 


v 


both figures 32 and 33, the solid curves are the 
perimentally determined neutral curves for zero 
adient with the experimental points omitted. 
Figures 32 and 33, like figure 31, show an effect 
the positive gradient but little or no effect of 
e negative gradient. These figures show only 
be neutral points and so merely define the bound- 
ies of the amplification zone. The effect of 
essure gradient on the amplification within the 
me is demonstrated in figure 34. This figure, 
hich is similar to figure 28, except that zones are 
om the frequency diagram instead of the 
avelength diagram, shows the distribution of 
nplifieation coefficient, actually 8,6*/U, across 
ye zones of figure 31 at certain fixed values of the 
eynolds number. The positive and negative 
ressure gradients signify as before pressure dis- 
ibutions B and (, respectively. For compari- 
m, the experimental curves for zero gradient are 
iven as solid lines. The comparision is best made 
‘tween pairs of curves having Reynolds numbers 
ost nearly alike. 

Since 8,6*/U) increases with Reynolds number 
ee fig. 27), the difference between R=1,840 for 
‘ro gradient and R=1,810 for negative gradient 
ay account for the reduced amplification with 
gative gradient. The failure to show conclusively 
n effect of the small negative gradient may be 
ue in part to the small local value of the gradient 
iown In table 5. The difference between R= 
200 for zero gradient and R=2,050 for positive 
adient is significant, since R=2,050 for zero 
radient would lie below R=2,200. 


I. Transition From Oscillations to Tur- 
bulence, Zero Pressure Gradient 


The distinguishing feature of transition with low 
ream turbulence is the occurrences of boundary- 
tyer oscillations that grow until the layer becomes 
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turbulent. Under such conditions, transition to 
turbulent flow is simply transition from a particu- 
lar type of oscillatory motion to turbulent motion. 
The oscillations are now understood and the final 
step in an understanding of the origin of turbulence 
involves an investigation of this transition process. 

TABLE 5.—Pressure gradients (1/q,) (A P/Ax)! 


q:=dynamic pressure outisde boundary layer at 3.33 ft from leading edge of 
plate 
P=pressure near surface at distance 7 from leading edge 


Average 

gradient 

from | to 
6 ft 


Distribution Local gradient 


Percent Percent 
—0. 11 —0.78 from 4 to 5ft 
1. 62 2. 48 from 3 to 3.67 ft 
—2. 38 — 1. 36 from 3 to 3.67 [t 
12. 0 from 3 to 3.67 ft 
—¥%. 8 from 3 to 3.67 [t 


Note that pressure gradient and dynamic pressure gradient have opposite 
(See fig. 30.) 


signs 

Although transition in highly disturbed flow 
does not fall into this category, the two are similar 
in that both have to do with the effect of a dis- 
turbance large enough to bring about turbulent 
flow. The effect, however, depends on the type 
of the disturbance as well as its magnitude; and, 
as has been shown, an amplified disturbance does 
not have the random character of an initially 
large disturbance. Transition from an amplified 
disturbance promises to be of considerable im- 
portance in modern low-turbulence wind tunnels 
and in the atmosphere. 

The vibrating ribbon to produce oscillations 
and the hot-wire apparatus to examine their 
development were suitable tools for the investi- 
gation of transition. The ribbon was placed at 
the 3-foot position and two hot wires at different 
distances from the surface were arranged for tra- 
versing parallel to the plate through the transition 
region. The Reynolds number was always chosen 
so that the undisturbed boundary layer (ribbon 
not vibrating) was laminar at the hot wires. 
Representative samples of the results obtained 
are shown in figures 35 to 37. 

Figure 35 shows what happens at a fixed point 
2.5 feet downstream from the ribbon as the vi- 
brational amplitude of the ribbon is varied. The 
pairs of traces show simultaneously the response 
of the two wires. The values of gain contro] 
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Ficure 35.—Oscillograms of u-fluctuations showing devel- 
opment of turbulence from oscillations produced by vibrat- 
ing ribbon at position 2.5 ft down-stream from ribbon. 


Ribbon 3 ft from leading edge of plate. Simultaneous records at 0.014 in- 
from surface, upper trace; and 0.114 in. from surface, lower trace. Fre~ 
‘quency 70 cps. U>.=50 ft/sec 


setting on driving amplifier are roughly propor- 
tional to ribbon amplitude. The amplitude of the 
waves on the traces cannot be quantitatively re- 
lated to fluctuations of velocity because the sensi- 
tivity of the wires was unknown. The sensitivi- 
ties of the two wires were different, and so com- 
parisov of amplitudes at inner and outer wires was 
impossible. It is known, however, that velocity 
increases produce upward displacement of the 
traces and that velocity decreases produce down- 
ward displacement. The direction of time in this 
figure is from left to right. 

This figure shows that the boundary layer at a 
given point can be changed from laminar to turbu- 
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lent by varying ribbon amplitude and sho, 
qualitatively the progressive nature of the chang, 
Examination of successive pairs of traces indica 
that fairly regular waves first make their appe 
ance, being first in phase at the two wires y 
later in the fifth and sixth records, in and oy, 
phase in random fashion as the amplitude ; 
creases. The distances from the surface are sy 
that an in-phase condition would be expec 
from the distribution of figure 21. A growin 
distortion of the waves then appears until. ; 
the seventh record, bursts of high-frequency fly 
tuations occur. The latter, identified by 4) 
jagged appearance of the trace, are bursts , 
turbulence. The final record shows the coy 
pletely turbulent state. The dotted character, 
the traces, due to the electronic switch, oblite 
ates details of rapid fluctuations. A similar sy 
cession of changes is shown in figures 36 and 3 

In figure 36 simultaneous records are agi 
shown, this time from two wires on the sam 
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Figure 36.—Oscillograms of u-fluctuations showing devel: 


opment of turbulence from oscillations produced by bra 
ing ribbon placed 3 ft from leading edge of plate 


Simultaneous records at 0.011 in. from surface, upper trace; and 0.112 in. 


surface, lower trace. Frequency 70 cps. Ug=50 ft/se« 
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mean-velocity 
because of the nonlinear characteristics of the hot 
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Oscillograms of u-fluctuations showing development of turbulence from oscillations produced by 


vibrating ribbon placed 3 ft from leading edge of plate. 


Frequency 70 cps. 


the amplitude increases downstream and increas- 
ing distance is in one respect like increasing ribbon 
amplitude in figure 35. The two cases are not 
equivalent, however, because the boundary-layer 
thickness increases from record in 
figures 36 and 37. 

From calibration data, obtained in connection 
with figures 36 and 37, it was possible to relate 
two particular displacements on the record to a 
percentage change in the mean velocity at the 
position of the wire. These two percentages are 
indicated at the right of each trace, an upward 
displacement indicating an increase and a down- 
ward displacement a decrease from the mean local 


record to 
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Uo= 50 ft/sec. 


certain, however, that crests are above the mean 
velocity while troughs are below the mean and 
the distance between the two is approximately the 
double amplitude. The scale at the right fur- 
nishes a measure of the double amplitude. 

In the succession of changes occurring from 
point to point through the transition region, the 
oscillations first increase in amplitude and, once 
large, undergo increasing amounts of distortion. 
Turbulence appears at first in short intervals of 
the trace and finally for the full length of the trace. 
Randomness occurs gradually, and this suggests 
a continuous transition from wave to turbulent 


motion. It is not difficult to imagine a process 
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here like that often assumed for the formation of 
eddies from a free vortex sheet. The sheet is 
imagined to take first a wavelike character, then 
as the wave grows, to curl up into discrete eddies. 
The disturbed laminar boundary layer may be 
regarded as a wavy vortex layer with the wave 
progressively increasing in amplitude and dis- 
torting until discrete eddies are formed. The 
eddies themselves are unstable and soon break up 
into a diffusive type of motion which characterizes 
turbulent flow. If the validity of this picture is 
granted, transition is understood when the wave 
motion is understood. An understanding of 
transition is therefore close, but only close because 
the wave motion is understood only when the 
amplitude is small. Furthermore, the important 
question, concerning where along the surface 
eddies first form, is still unanswered. 

Another process may also be imagined. It will 
be noted in figures 35 to 37 that transition takes 
place in a more orderly manner at the greater 
distance from the Here turbulence 
appears in certain parts of the wave cycle, gener- 
ally in the sharp-pointed low-velocity part of the 
cycle. This behavior lends support to the view 
held by some investigators that transition occurs 
when the flow comes to rest or reverses direction 
near the surface (separation point). While the 
amplitudes shown do not reach the necessary 100 
percent, it seems possible that this value would 
be found at some point nearer the surface. Against 
this argument is the fact that the records made 
show the turbulent 


surface. 


nearer the surface do not 
bursts confined to the low-velocity side of the 
eycle. The argument is further weakened by the 
possibility of accounting for the observed effects 
at the greater y-values by the difference between 
the distribution of mean-velocity characteristic of 
a laminar layer and that characteristic of a 
turbulent layer. This is to say, that the observed 
effect is caused by the turbulence rather than a 
cause of the turbulence. 

The idea of transition by separation has been 
formulated by Taylor [1] by assuming inter- 
mittent separation or near separation to be caused 
by the local pressure gradients accompanying 
disturbances. The assumption is that separation 
is imminent when the Kaérman-Pohlhausen para- 
meter A, derived from pressure gradients either 
steady or fluctuating, reaches a certain negative 


value. A steady adverse pressure gradient large 
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enough to cause laminar separation js 
bring about transition rather than 
separation when the Reynolds numbe: js yf. 
ciently high. By analogy, intermitte:, separa. 
tion is supposed to have the same effect, fy 
isotropic turbulence in the surrounding flow {hp 
fluctuating pressure gradient is known in terms of 
measurable quantities, namely, u’ and (he sealp 
Taylor’s relation is 


nOWD to 
omplete 


4 ) : F(R,), 


where L is the seale, and F (R,) expresses a fun. 
tion of the z-Reynolds number of transition. 

In essence Taylor's relation rests on the concep) 
of velocity fluctuations impressed on the boundary 
layer from outside. When 
fluctuations belong to the natural wave in the 
boundary layer, Taylor’s relation can have littl. 
bearing on the problem. There is therefore po 
theory connecting oscillations to transition, The 
idea of transition by separation leads to the cov- 
cept that transition results when the u-componen' 
of the wave gets sufficiently large to reverse t\ 
flow near the surface. A lack of knowledge re- 
garding large-amplitude waves results in a lack o! 
information concerning the point where transitio 
will occur. 

It has not been proved that separation is a neces 
sary condition for transition. Figure 11, where « 
slight reversal near the surface is indicated by a 
frequency doubling in the lower part of the cycle 
in the trace at 4 feet, gives evidence that reversal 
alone is not a sufficient condition. Perhaps th 
former picture, based on the analogy to the vortey 
sheet is the more accurate one. 

Since the Taylor relation is not applicable whe: 
transition results from amplified waves, the 
average scale of the initial disturbance is imper- 
tant only insofar as it is related to the spectrum of 
the disturbance. The frequency distribution ef 
the initial disturbance is of great importance 
since amplification finally selects only a ver 
narrow band of frequencies from all those initiall) 
present to bring about transition. The presence 
or absence of frequencies near this amplified band 
is obviously more important than the total energ) 
of the disturbance. 

Only on the basis of certain prominent frequen) 
bands in the stream turbulence can figure 7 be e- 
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The reasoning is as follows: If no disturb- 
vere present, theoretically transition should 
The pairs of curves in figure 7 should 
roach R,=« for zero turbulence. On 


of amplification of initial distrubances in 

all frequencies are present, equation 33 
yegests that the curves defining the transition 
egion should fall rapidly at first and then at a 
progressively diminishing rate as the turbulence 


< further increased. Actually, the opposite trend 
s shown in figure 7. Figure 8 shows that not all 
requencies are represented alike and, furthermore, 
hat noise is responsible for many of the peaks 
hown. As the present turbulence was decreased 
yy the addition of damping screens, the ratio of 
sige to true turbulence was increased. While 
he total energy of the distrubance was decreased, 
he energy in certain frequency bands may ac- 
reduction of 


ually have been increased. A 


oise might have greatly altered figure 7. 
IX. Conclusion 


Laminar boundary-layer oscillations are the 
locity fluctuations that result from a wave 
raveling downstream through the boundary layer. 
The characteristics of this wave have been meas- 
ed and good agreement with theory has been 
ybtained. The wave may be set up either by a 
ibrating object in the boundary layer, such as a 
ibrating ribbon, or by disturbances from the 
putside, such as stream turbulence and sound. 
Vhen the disturbance is random or nearly ran- 
lom and contains many frequencies, amplification 
nd damping isolate a wave containing a narrow 
and of frequencies in the neighborhood of the 
frequency most highly amplified. 

A wave in the boundary layer constitutes a 
listurbance that will cause transition on a flat 
plate with zero pressure gradient when the ampli- 
A sufficiently large 
transition. 


ude is sufficiently large. 
random disturbance will 
When random initial distrubances are so small 
that transition is delayed until values of R 52,000 
have been reached, sufficient amplification can 
occur from the experimentally established lower 
limit R=450, te R=2,000 to give rise to a recog- 
hizable oscillation. Larger initial disturbances 
obscure the oscillations by irregular fluctuations 
of comparable magnitude. 

Natu 


well as 


also cause 


al disturbances may be sound waves as 


turbulence. Turbulence generally has a 
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more nearly random distribution of energy with 
frequency than sound. In view of the importance 
of frequency, sound disturbances with a concen- 
tration of energy in frequency bands that are 
highly amplified by the boundary layer may be 
more conducive to early transition than turbu- 
lence. This is important in free flight where 
turbulence is probably negligible but where engine 
and propeller noise is present in large amounts. 

The effect of pressure gradient on the oscillations 
is a practicably important phase of the problem 
about which more should be known. Little more 
has been done here than to show the direction of 
the effect and to give some idea of its magnitude. 
The results are in accord with theory, which also 
is incomplete in this respect. 

Other aspects of the problem remain to be in- 
One of these having practical impor- 
The importance 


vestigated. 
tance is the effect of curvature. 
of boundary-layer oscillations on airfoils cannot 
be determined until effects of curvature as well 
as pressure gradient are known. Other quantities 
associated with the wave but not investigated are 
rand ur. A study of these quantities would be 
interesting as a further check on the theory, 
although hardly necessary to identify the oscilla- 
tions and their characteristics in view of the infor- 
mation derived from studies of wu. 

It is possible that boundary-layer oscillations 
may arise from internal disturbances as well as 
from external disturbances—that is, from surface 
irregularities and vibration of the surface. A 
randomly distributed small roughness may pro- 
duce effects similar to small amounts of turbulence 
in the air stream. Small ridges or waves in the 
surface may start oscillations when the spacing is 
near some amplified wavelength. Vibration of 
the surface, like sound, may produce oscillations, es- 
pecially when the frequency is near some amplified 
oscillation frequency. An investigation of these 
and other phases of the problem will throw addi- 
tional light on the important problem of transition. 
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